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A consistent, local coordinate formulation of covariant Hamiltonian field theory is pre- 
sented. Whereas the covariant canonical field equations are equivalent to the Euler- 
Lagrange field equations, the covariant canonical transformation theory offers more gen- 
eral means for defining mappings that preserve the form of the field equations than the 
usual Lagrangian description. It is proved that Poisson brackets, Lagrange brackets, and 
canonical 2-forms exist that are invariant under canonical transformations of the fields. 
The technique to derive transformation rules for the fields from generating functions is 
demonstrated by means of various examples. In particular, it is shown that the infinites- 
imal canonical transformation furnishes the most general form of Noether's theorem. 
We furthermore specify the generating function of an infinitesimal space-time step that 
conforms to the field equations. 
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1. Introduction 

Relativistic field theories and gauge theories are commonly formulated on the ba- 
sis of a Lagrangian density /uEEIll rp^g S p ace _tinie evolution of the fields is ob- 
tained by integrating the Euler-Lagrange field equations that follow from the four- 
dimensional representation of Hamilton's action principle. A characteristic feature 
of this approach is that the four independent variables of space and time are treated 
on equal footing, which automatically ensures the description to be relativisticly 
correct. This is reflected by the fact that the Lagrangian density C depends - 
apart from a possible explicit dependence on the four space-time coordinates x M — 
on the set of fields 4>i and evenly on all four derivatives d^i of those fields with 
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respect to the space-time coordinates, i.e. C = £(4>i, d^i, Herein, the index 
"J" enumerates the individual fields that are involved in the given physical system. 

When the transition to a Hamiltonian description is made in textbooks, the 
equal footing of the space-time coordinates is abandone d^ ^1 In these presenta- 
tions, the Hamiltonian density TL is defined to depend on the set of scalar fields 
<pi and on one set of conjugate scalar fields tt 1 that counterpart the time deriva- 
tives of the <pi. Keeping the dependencies on the three spatial derivatives di4>i 
of the fields 4>i, the functional dependence of the Hamiltonian is then defined as 
TL = TL(<fij, tt 1 , ditfiijX^). The canonical field equations then emerge as time deriva- 
tives of the scalar fields 4>i and tt 1 . In other words, the time variable is singled out 
of the set of independent space-time variables. While this formulation is doubtlessly 
valid and obviously works for the purpose pursued in these presentations, it closes 
the door to a full-fledged Hamiltonian field theory. In particular, it appears to be 
impossible to formulate a theory of canonical transformations on the basis of this 
particular definition of a Hamiltonian density. 

On the other hand, numerous papers were published that formulate a covariant 
Hamiltonian description of field theories where — similar to the Lagrangian formal- 
ism — the four independent variables of space-time are treated equally. These pa- 
pers are generally based on the pioneering works of De DondeJ^and WeyPl The key 
point of this approach is that the Hamiltonian density TL is now defined to depend 
on a set of conjugate 4-vector fields ir If * that counterbalance the four derivatives 
3^4*1 of the Lagrangian density £, so that TL = TL{(j)i, n 1 ^, Corresponding to 
the Eulcr-Lagrangc equations of field theory, the canonical field equations then take 
on a symmetric form with respect to the four independent variables of space-time. 
This approach is commonly referred to as "multisymplectic" or "polysymplectic 
field theory" , thereby labelling the covar iant extension of the symplectic geometry 
of the conventional Hamiltonian theory^- ^^^^^^^^^^^^ ^. Mathematically, the 
phase space of multisymplectic Hamiltonian field th eory is defined within modern 
differential geometry in the language of "jet bundles' ^ ! 

Obviously, this theory has not yet found its way into mainstream textbooks. One 
reason for this is that the differential geometry approach to covariant Hamiltonian 
field theory is far from being straightforward and raises mathematical issues that 
are not yet clarified (see, for instance, the discussion in 

Ref.GH). Further more, the 

approach is obviously not unique — ther e exist various options to define geometric 
objects such as Poisson As a consequence, any discussion of the 

matter is unavoidably shifted into the realm of mathematics. 

With the present paper, we do not pursue the differential geometry path but 
provide a local coordinate treatise of De Donder and Weyl's covariant Hamiltonian 
field theory. The local description enables us to keep the mathematics on the level of 
tensor calculus. Nevertheless, the description is chart-independent and thus applies 
to all local coordinate systems. With this property, our description is sufficiently 
general from the point of view of physics. Similar to textbooks on Lagrangian gauge 
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theories, we maintain a close tie to physics throughout the paper. 

Our paper is organized as follows. In Sec. [2j we give a brief review of De Donder 
and Weyl's approach to Hamiltonian field theory in order to render the paper 
self-contained and to clarify notation. After reviewing the covariant canonical field 
equations, we evince the Hamiltonian density H to represent the eigenvalue of the 
energy-momentum tensor and discuss the non-uniqueness of the field vector w If *. 

The main benefit of the covariant Hamiltonian approach is that it enables us to 
formulate a consistent theory of covariant canonical transformation s. This is demon- 
strated in Sec. [31 Strictly imitating the point mechanics' approacl i^^ , we set up 
the transformation rules on the b asis of a generating function by requiring the vari- 
ational principle to be maintained^. In contrast to point mechanics, the generating 
function fy now emerges in our approach as a 4- vector function. We recover a char- 
acteristic feature of canonical transformations by deriving the symmetry relations 
of the mutual partial derivatives of original and transformed fields. By means of 
covariant Legendre transformations, we show that equivalent transformation rules 
are obtained from generating functions F%, F%, and F%. Very importantly, each 
of these generating functions gives rise to a specific set of symmetry relations of 
original and transformed fields. 

The symmetry relations set the stage for proving that 4- vectors of Poisson and 
Lagrange brackets exist that are invariant with respect to canonical transformations 
of the fields. We furthermore show that each vector component of our definition of a 
(1, 2)-tcnsor, i.e. a "4- vector of 2-forms w' 1 " is invariant under canonical transforma- 
tions — which establishes Liouville's theorem of canonical field theory. We conclude 
this section deriving the field theory versions of the Jacobi identity, Poisson's the- 
orem, and the Hamilton- Jacobi equation. Similar to point mechanics, the action 
function of the Hamilton-Jacobi equation is shown to represent a generating 
function S 11 = F% that is associated with the particular canonical transformation 
that maps the given Hamiltonian into an identically vanishing Hamiltonian. 

In Sec. [4l examples of Hamiltonian densities are reviewed and their pertain- 
ing field equations are derived. As the relativistic invariance of the resulting fields 
equations is ensured if the Hamiltonian density Ti. is a Lorentz scalar, various equa- 
tions of relativistic quantum field theory are demonstrated to embody, in fact, 
canonical field equations. In particular, the Hamiltonian density engendering the 
Klein-Gordon equation manifests itself as the covariant field theory analog of the 
harmonic oscillator Hamiltonian of point mechanics. 

Section [5] starts sketching simple examples of canonical transformations of 
Hamiltonian systems. Similar to the case of classical point mechanics, the main 
advantage of the Hamiltonian over the Lagrangian description is that the canonical 
transformation approach is not restricted to the class of point transformations, i.e., 
to cases where the transformed fields <j)p only depend on the original fields </>/. 
The most general formulation of Noether's theorem is, therefore, obtained from a 
general infinitesimal canonical transformation. As an application of this theorem, 
we show that an invariance with respect to a shift in a space-time coordinate leads 
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to a corresponding conserved current that is given by the pertaining column vector 
of the energy-momentum tensor. 

By specifying its generating function, we furthermore show that an infinitesimal 
step in space-time which conforms to the canonical field equations itself establishes 
a canonical transformation. Similar to the corresponding time-step transformation 
of point mechanics, the generating function is mainly determined by the system's 
Hamiltonian density. It is precisely this canonical transformation which ensures that 
a Hamiltonian systems remains a Hamiltonian system in the course of its space- 
time evolution. The existence of this canonical transformation is thus crucial for 
the entire approach to be consistent. 

As canonical transformations establish mappings of one physical system into 
another, canonically equivalent system, it is remarkable that Higg's mechanism of 
spontaneous symmetry breaking can be formulated in terms of a canonical trans- 
formation. This is shown in Sec. 15.81 We close our treatise with a discussion of the 
generating function of a non- Abelian gauge transformation. With |Appcndix B[ we 
add an excursion to differential geometry by providing a geometrical representation 
of the canonical field equations. 

2. Covariant Hamiltonian density 

2.1. Covariant canonical field equations 

The transition from particle dynamics to the dynamics of a continuous system 
is based on the assumption that a continuum limit exists for the given physical 
problem. This limit is defined by letting the number of particles involved in the 
system increase over all bounds while letting their masses and distances go to zero. 
In this limit, the information on the location of individual particles is replaced by the 
value of a smooth function (f>(x^) that is given at a spatial location x , x 2 , x 3 at time 
t = x°. The differentiable function <j)(x^) is called a field. In this notation, the index 
H runs from to 3, hence distinguishes the four independent variables of space-time 
x M = (a; , x 1 , x 2 7 x 3 ) = (ct, x, y, z), and x p = (xq,xx,X2, X3) = (ct, —x, —y, —z). We 
furthermore assume that the given physical problem can be described in terms of 
I = 1, ... ,7V — possibly interacting — scalar fields </>/(x M ), with the index "/" 
enumerating the individual fields. In order to clearly distinguish scalar quantities 
from vector quantities, we denote the latter with boldface letters. Throughout our 
paper, the summation convention is used. This means that whenever a pair of the 
same upper and lower indices appears on one side of an equation, this index is to 
be summed over. If no confusion can arise, we omit the indices in the argument list 
of functions in order to avoid the number of indices to proliferate. 

The Lagrangian description of the dynamics of a continuous system is based on 
the Lagrangian density function C that is supposed to carry the complete infor- 
mation on the given physical system. In a first-order field theory, the Lagrangian 
density C is defined to depend on the (f>i, possibly on the vector of independent 
variables x^, and on the four first derivatives of the fields 4>i with respect to the 
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independent variables, i.e., on the 1-forms 

d^i = (d t (f>i,dx(f>i,d.y4>i,d z (f>i). 

The Euler-Lagrange field equations are then obtained as the zero of the variation 
SS of the action integral 

S = j Cifa^^i ,x»)d*x (1) 

as 

d dC ac 

dx a d{d a <t>i) 

To derive the equivalent covariant Hamiltonian description of continuum dynamics, 
we first define for each field </>/ (x u ) a 4-vector of conjugate momentum fields 7t /m (x v ) . 
Its components are given by 

dC DC 



TT 



(3) 



The 4-vector w 1 ^ is thus induced by the Lagrangian C as the dual counterpart of 
the 1-form d^<pi. For the entire set of N scalar fields <fii(x"), this establishes a set 
of N conjugate 4-vector fields. With this definition of the 4-vectors of canonical 
momenta 7t 7m (x i/ ), we can now define the Hamiltonian density Tt(<fii, tt /ai , x' 1 ) as 
the covariant Legendre transform of the Lagrangian density £(4>i, d^fiijX^) 

n(h y», x n = * Ja |^ - c^j ,a^j,xn- w 

At this point we suppose that C is regular, hence that for each index "I" the Hesse 
matrices (d 2 £/ 8(8^4)1) d(d,y(f>i)) are non-singular. This ensures that H takes over 
the complete information on the given dynamical system from C by means of the 
Legendre transformation. The definition of Tt by Eq. ([4]) is referred to in literature 
as the "De Donder-Weyl" Hamiltonian density. 

Obviously, the dependencies of 7i and L on the </>/ and the x 11 only differ by a 
sign, 



on dc on 

dSj dchj 1 dx^ 



cxpl 



dC 

dx~t* 



cxpl 



These variables do not take part in the Legendre transformation of Eqs. ([3]), ^j. 
With regard to this transformation, the Hamiltonian density 7i is, therefore, to 
be considered as a function of the 7t /m only, and, correspondingly, the Lagrangian 
density £ as a function of the <9 M </>/ only. In order to derive the canonical field 
equations, we calculate from Eq. (|4]) the partial derivative of H with respect to 

dn = j d(j),j Ja d(d a <j>j) dC d(d a <j)j) 

dir 1 " 1 ^dx a dn 1 '* d(d a <j)j) dn 1 '* 

= dfa_ 
dx»' 
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According to the definition of tt^ in Eq. ([3]) , the second and the third terms on the 
right hand side cancel. In conjunction with the Euler-Lagrange equation, we obtain 
the set of covariant canonical field equations finally as 

d7i__dj) L dTL dn Ia 

d-K 1 * ~ dx» d(j)i ~ _ dx a ' ( ' 

This pair of first-order partial differential equations is equivalent to the set of 
second-order differential equations of Eq. We observe that in this formulation 
of the canonical field equations all coordinates of space-time appear symmetrically 
— similar to the Lagrangian formulation of Eq. @ . Provided that the Lagrangian 
density £ is a Lorentz scalar, the dynamics of the fields is invariant with respect 
to Lorentz transformations. The covariant Legendre transformation ((4]) passes this 
property to the Hamiltonian density TL. It thus ensures a priori the relativistic 
invariance of the fields that emerge as integrals of the canonical field equations if 
C — and hence TL — represents a Lorentz scalar. 

2.2. Energy -Momentum Tensor 

In the Lagrangian description, the energy-momentum tensor is defined as the 
following mixed second rank tensor 

dC d<t>! 
d{d u 4>i) ThS 1 

With the definition ([3]) of the conjugate momentum fields n 1 ^ , and the Hamiltonian 
density of Eq. (j4|) , the energy- momentum tensor ((6]) is equivalently expressed as 

T» = H5» + ^?p--8l-K I «^-. (7) 
dx^ 0x a w 

The inner product of the mixed tensors T£ of Eq. ([7]) with the 1-form d u (f>j yields 

rpu 9fa _ y c„ &Pl Iv 9fa 3<t>I la d<j)i d<t>! 

" dx v M dx v dx v dx» dx a " dx v ' 



T v = — — — - £6" (6) 



hence 



We can similarly set up the inner product of T£ with the vector ir Ifi 

1 ,, 7T H = hi 7T ^ + 7T 7T ^— 7T ^7T — , 

dx^ dx a 

hence 

This shows that the De Donder-Weyl Hamiltonian density TL constitutes the eigen- 
value of the energy-momentum tensor T" with eigenvectors d v 4>i and 7r /A1 . By 
identifying TL as the eigenvalue of the energy-momentum tensor, we obtain a clear 
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interpretation of the physical meaning of the De Donder-Weyl Hamiltonian density 

n. 

An important property of the energy-momentum tensor is revealed by calculat- 
ing the divergence dT^/dx a . From the definition {7J, we find 



dT a 
° ^ 

dx a 



dHdch &H_ch^_ &H_ 
dfadx* + dir 1 ? dx a + dx^ 



On 



la 



cxpl. 



dx a dx^ 



+7T 



la 



d 2 fr 



dx^dx a 

Inserting the canonical field equations 

8Tl = 

dx a 



d^P If} d 2 h 



" V dx a dx$ 



dx a dxP 



this becomes 



dH 

dxf* 



(8) 



cxpl. 



If the Hamiltonian density H does not explicitly depend on the independent variable 
x^, then H is obviously invariant with respect to a shift of the reference system along 
the x M axis. Then, the components of the fi-th column of the energy-momentum 
tensor satisfy the continuity equation 



dx a 



dH 

dx^ 



cxpl. 



Using the definition J7J of the energy-momentum tensor, we infer from Eq. 



dx a dx a 



dT« 



cxpl. 



Based on the four independent variables x 11 of space-time, this divergence rela- 
tion for the energy-momentum tensor constitutes the counterpart to the relation 
dH/dt = dH/dt of the time derivatives of the Hamiltonian function of point me- 
chanics. Yet, such a relation does not exist in general for the Hamiltonian density 
H of field theory. As we easily convince ourselves, the derivative of H with respect 
to x^ is not uniquely determined by its explicit dependence on x^ 



dH 


<)■}[ 




dH dir Ia 


dH d<\>i 


dx» 


~dxM 


cxpl. 


*" dir Ia dx» 


d(j>i dx^ 




dH 




dfa dir Ia 


dfa dn 1 ? 




dxf* 


cxpl. 


dx a dxv 


dx^ dx@ 




dH 






dTT^\ dfa 




dx^ 


cxpl. 




dx$ J dx a 



(9) 



Owing to the fact that the number of independent variables is greater than one, 
the two rightmost terms of Eq. © constitute a sum. In contrast to the case of 
point mechanics, these terms generally do not cancel by virtue of the canonical 
field equations. 
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2.3. Non-uniqueness of the conjugate vector fields ir Ilx 

From the right hand side of the second canonical field equation we observe that 
the dependence of the Hamiltonian density TL on <pi only determines the diver- 
gence of the conjugate vector field ir 1 ^. Vice- versa, the canonical field equations 
are invariant with regard to all transformations of the mixed tensor (dir 1 ^ / dx u ) 
that preserve its trace. The expression dTL/d(j>i thus only quantifies the change of 
the flux of tt 111 through an infinitesimal space-time volume around a space-time 
location x M . The vector field ir 1 ^ itself is, therefore, only determined up to a vector 
field r] ^(x") that leaves its divergence invariant 

Ti If * -> tt 1 / 1 = n 1 " - rj 1 ^. (10) 

This is obviously the case if 

dn Ia 

V— = 0. (11) 

dx a x 1 

With this condition fulfilled, we are allowed to subtract a field r\ Ili (x v } from 7r /A '(x I/ ) 
without changing the canonical field equations ||SJ|, hence the description of the 
dynamics of the given system. We will show in Sec. 15.21 that the transition (fTO)) can 
be conceived as a canonical transformation of the given Hamiltonian system. 

In the Lagrangian formalism, the transition (|10p corresponds to the transfor- 
mation 

' y 1 dx a 

which leaves — under the condition Ijlip — the Eulcr-Lagrange equations $2$ in- 
variant. 

The Hamiltonian density TL' , expressed as a function of 7r e , is obtained from the 
Legendre transformation 

= T J« 9< t>i _ iqd^ _ L jq 9(pi 
dx a V dx a V dx a 

= H{4>,ir,x). 

The value of the Hamiltonian density TL thus remains invariant under the action 
of the shifting transformation (TIT)]) , (TTTj) . This means for the canonical field equa- 
tions iJSJ) 



dw on d<f>i on' en dn Ia ma 



_ m 



cxpl. 



d-K 1 /- dn 1 ^ dxv 1 d<j>i d<i>i dx a ' dx» 

Thus, both momentum fields w 1 / 1 and w 1 ^ equivalently describe the same phys- 
ical system. In other words, we can switch from tt 1 ^ to it 1 / 1 = 7T /A1 — n 1 ^ with 
drj Ia /dx a = without changing the physical description of the given system. 
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3. Canonical transformations in covariant Hamiltonian field theory 
3.1. Generating functions of type Fi(<p, 4>',x) 

Similar to the canonical formalism of point mechanics, we call a transformation of 
the fields ((f), it) <— * (</>', tt') canonical if the form of the variational principle that is 
based on the action integral |T]) is maintained, 

5 S R {* Ia Thk- n{ ^' x) ) d4x = 6 J R { 7 ' Ia '^~' H '^ y ' x) ) * x ' (12) 

Equation (fl"2"|) tells us that the integrands may differ by the divergence of a vector 
field , whose variation vanishes on the boundary dR of the integration region R 
within space-time 



5 



Jr dx a J dR 



IR JQR 

The immediate consequence of the form invariance of the variational principle is 
the form invariance of the covariant canonical field equations ([5]) 

dW _ d<j> r dW dir Ia ' 

For the integrands of Eq. (fl"2"|) — hence for the Lagrangian densities C and C! - 
we thus obtain the condition 

f)F a 



la ' 



dx a 

OF? 



dx a y ' dx a K ' dx a 

With the definition F£ = F^((f) 1 <f>',x), we restrict ourselves to a function of exactly 
those arguments that now enter into transformation rules for the transition from 
the original to the new fields. The divergence of F^ writes, explicitly, 

dFf _ dF? dfa dFf dfa, dF? 



dx a d<j>i dx a d(f>p dx a dx a 



(15) 

cxpl 



The rightmost term denotes the sum over the explicit dependence of the generating 
function F± on the x v '. Comparing the coefficients of Eqs. (fT4|) and (TT5|) . we find the 
local coordinate representation of the field transformation rules that are induced 
by the generating function F^ 



dx c 



(16) 

cxpl 



The transformation rule for the Hamiltonian density implies that summation over 
a is to be performed. In contrast to the transformation rule for the Lagrangian 
density C of Eq. (|14jl , the rule for the Hamiltonian density is determined only by 
the explicit dependence of the generating function F[ L on the x^ . 
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Differentiating the transformation rule for 7r /M with respect to <f>j> , and the rule 
for 7r /M with respect to (pi, we obtain a symmetry relation between original and 
transformed fields 

~ WW* ~ ~~d^~' (1 ] 

The emerging of symmetry relations is a characteristic feature of canonical trans- 
formations. As the symmetry relation directly follows from the second derivatives 
of the generating function, is does not apply for arbitrary transformations of the 
fields that do not follow from generating functions. 

3.2. Generating functions of type F2(4>,tt' ,x) 

The generating function of a canonical transformation can alternatively be ex- 
pressed in terms of a function of the original fields <pi and of the new conjugate 
fields ir If * . To derive the pertaining transformation rules, we perform the covariant 
Legendre transformation 

F${<f>,z>,x) = Fffatfrf+fa,***, 7r^=-|g-. (18) 

By definition, the functions Fy and F% agree with respect to their 4>j and x* 1 
dependencies 



dF% dF? j OF? 

7T 



dx c 



dF? 



cxpl UX 



= n'-n. 

cxpl 



These two i^-related transformation rules thus coincide with the respective rules 
derived previously from F±. In other words, the variables (f>i and x^ do not take 
part in the Legendre transformation from Eq. (fT5|) . We must, therefore, conceive 
Fj 1 as a function of the <pr only, and, correspondingly, F% as a function of 7r /A1 only. 
The new transformation rule thus follows from the derivative of F£ with respect to 

dFlt dFi 1 d<j> r , dn 1 *' dfa, 

— = — h 6t h 7T M — — 

dir Jv ' dfa, dn J »' VI d-K Jv ' dir Jv ' 
= *J> 

We thus end up with set of transformation rules 

* '867' h ' d » = d^> n=7i+ ^ 



(19) 

cxpl 

which is equivalent to the set (fl6|) by virtue of the Legendre transformation (|18jl 
if d 2 F^ /d<fiidcf)ji ^ for all indices "//", "I", and "J". From the second partial 
derivations of F% one immediately derives the symmetry relation 

dn^ &F£ d<j>.y 
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3.3. Generating functions of type .F3 (</>', tt, x) 

By means of the Legendre transformation 



W,7T ; x)=Ff( 



(21) 



the generating function of a canonical transformation can be converted into a func- 
tion of the new fields (f>p and the original conjugate fields tt 1 ^ . The functions 
and F^ agree in their dependencies on <pj/ and x M , 



dFg _ dF? 



= -7T ^ , 



dF? 



dx a 



cxpl 



dx a 



= H'-H. 



cxpl 



Consequently, the pertaining transformation rules agree with those of Eq. (|16p . The 

3 



new rule follows from the dependence of F^ on the 7r Ji/ : 



d£l_ _ dF? d(j>! 
dir 



Jv 



dn 



Ju 



dir J " 



dlT Ju 



For d 2 Fi /d<f>id<f>ji ^ 0, we thus get a third set of equivalent transformation rules, 



IT = . 



OTT 



H' = H < dFi 



dx a 



(22) 



cxpl 



The pertaining symmetry relation between original and transformed fields emerging 



from F^ writes 



dir J » 



d 2 F» 



sti. 



(23) 



3.4. Generating functions of type F &(iz , iz' ', x) 

Finally, by means of the Legendre transformation 

F£(ry,x) = Fg (</>', n,x)+ fair 1 



dF$ 



(24) 



we may express the generating function of a canonical transformation as a function 
of both the original and the transformed conjugate fields . The functions 

Fj£ and F% agree in their dependencies on the it 1 * 1 and x^, 



dF» 



dF% 



dF« 



dx a 



dF« 



cxpl 



dx a 



h'-h. 



cxpl 
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The related pair of transformation rules thus corresponds to that of Eq. 

4 



new rule follows from the dependence of F£ on the 7r Jl/ , 



The 



dF£ _ dF£ d(t> r 



rV. 



dir Ju ' d<t> r dn Jv ' r Btx Jv ' dir J »' 

= 4>j> K- 



Under the condition that d*Fg / ' d<\> r d-K JV ^ 0, we thus get a fourth set of equivalent 
transformation rules 



dir 1 "' ' 



dF[_ 



H' = H 



dF? 



dx a 



(25) 



cxpl 



The subsequent symmetry relation between original and transformed fields that is 



associated with F£ follows as 



— 5 M = 



d 2 F£ 



dn J P' " a dTr Ia dTr J P' dn Ia !i ' 
For the particular cases a — (3 — a, this means 

90/ <90j< 



(26) 



(27) 



With regard to Eq. (|27p. we observe that the symmetry relation ((TTJ) similarly 
depicts only the particular cases a = j3 = fi. Making use of the complete set of 
symmetry relations, we show in |Appendix A| that — in analogy to Eq. (|26p — the 
general form of Eq. (fT7|) is given by 



d<j>i " dfa, ' 



(28) 



3.5. Consistency check of the canonical transformation rules 

As a test of consistency of the canonical transformation rules derived in the preced- 
ing four sections, we now rederive the rules obtained from the generating function 
F^ from a Legendre transformation of F±. Both generating functions are related 

by 



Ff(0,0',x) = F 4 >,7r',x) 



9J7T 



()tt 



Iv • 



In this case, the generating functions F^ and F± only agree in their explicit depen- 
dence on x M . This involves the common transformation rule 



dFf 
dx a 



cxpl 



dF? 
dx a 



H'-H. 



cxpl 
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In the actual case, we thus transform at once two field variables 0// and 

The transformation rules associated with F± follow from its dependencies on both 

<f)i and according to 

<9if dF? d(f>j> _ dF£ dn Ja dFg dir Ja ' 

a<pi o<pi o<pi 

dn Ja , „„ d-K Ja ' 



-<t>jSZnnr + t^- 



+ tt^ + c/)j— ir J » 



7T h — 7T ——, — 



Comparing the coefficients, we encounter the transformation rules 



W I, dF i J„' dF i 



As expected, the rules obtained previously in Eq. (|16p are recovered. The same 
result follows if we differentiate F? with respect to <$>p . 



3.6. Poisson brackets, Lagrange brackets 

For a system with given Hamiltonian density 7i(<f>,iT,x), and for two differentiable 
functions f((f>,ir,x), g((p,n,x) of the fields 4>j, ir 1 ^ and the independent variables 
x^, we define the fi-th component of the Poisson bracket of / and g as follows 

[t 1 df dg df dg 

With this definition, the four Poisson brackets [/, gl&^f constitute the components 
of a dual 4- vector, i.e., a 1-form. Obviously, the Poisson bracket (|29[) satisfies the 
following algebraic rules 

[cf,g]^=c[f,g]^, ceR 

+ [ML.* = [f + h,g],^ 
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The Leibnitz rule is obtained from (J^HJ) via 
df d df d 



dj^f f _dg_ JHj_\ _ _dj_( dh_ , dg 



= h 



df dg df dg \ ( df dh df dh 



bidir 1 ' 1 dir^dfaj * \d$i dir 1 ^ dir 1 ^ dfa , 
= h[f,g]^,+g[f, h]^ w „ 

For an arbitrary differentiable function /(</>/, it 1 , x) of the field variables, we can, 
in particular, set up the Poisson brackets with the canonical fields <pj, and tt 1 . 
As the individual field variables (pi and n 1 ^ are independent by assumption, we 
immediately get 

U f] _^L_^]_ = df s j_ df 



\j dn J v dir J ^ d(f>j dir J ^ 1 dn 1 ^ 

[ I* f] dT^_dj_ _ dn^df_ = j df_ = , v d]_ 

The Poisson bracket of a function / of the field variables with a particular field 
variable thus corresponds to the derivative of that function / with respect to the 
conjugate field variable. The fundamental Poisson brackets are constituted by pair- 
ing field variables 4>i and 7r J/i , 

\9l, <PJ\ ~ d4>R foKn faKu d(j)K - U ' 

U J»1 _ dfa dn J » dfa dn J » _dn J » _ j 

VPI^ \ ^ ~ d(j)K dn K, Q n K, Q(j)K - Q n lK ~ V' > ^> 

rr a rm dn^dn^ _ d^_d_^ = 

L ' J d<j> K dir K » dir K K d<t> K 

Similar to point mechanics, we can define the Lagrange brackets as the dual coun- 
terparts of the Poisson brackets. In local description, we define the components of 
a 4-vector of Lagrange brackets {/, g}^'^ of two differentiable functions /, g by 

y,,,^ (31) 

of dg df dg 
The fundamental Lagrange bracket then emerge as 

fr'*") = ^7fr^-^Td^ = d^ = s » Sj > (32) 

OCpK „ 

In the next section, we shall prove that both the Poisson brackets as well as the 
Lagrange brackets are invariant under canonical transformations of the fields <pi, w 1 . 
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3.7. Canonical invariance of Poisson and Lagrange brackets 

In the first instance, we will show that the fundamental Poisson brackets are invari- 
ant under canonical transformations, hence that the relations (|30|) equally apply 
for canonically transformed fields 4>i' an( i 71-7 ■ Making use of the symmetry rela- 
tions HO]), (ESI, (EZD, and ([IS]), we get 

i-j 90// 90// 90// 90 



b K 9tt a > dir K » dcj> K 
bp dfyjt 90// d(j>j> 



b K dn K » dn Kv dcj)K 11 
d<f)i> 90k 



90// dTT Kv 



d<j) K dn J »' dir Ku dn^ 1 



[0/' , I" 



Ml _ 90// dn Ju ' 90// 3-k Jv ' 
^ ~ d(j> K dn K » _ dir K » d^> K 



O=[0z,0j]^, (33) 



^6" 



dlT Ju ' 90// 9tt j,/ 

6 K " m 9tt Kq ~ 90k 

97T Ka 97T Jy ' 90K 97T JV ' 

dir Ju ' 



7=wi=\<t>iy}^ (34) 



F ■ 



9tt /q ' 97r Jf3 ' 9tt /q ' 9tt j/3 ' 
90k 9tt k ^ ~ 9?r^ 90k 
for 7 °' 90k _ 9^9^ 
90k 90 // " 9tt^ 5^ f 

97r /tt ' 9tt k t ' 




(35) 

The Poisson bracket of two arbitrary differentiable functions /(0,7r,x) and 
g(4>,ir,x), as defined by Eq. (|29p . can now be expanded in terms of transformed 
fields 0// and w 1 . For a general transformation (0,tt) i— > (0',7r'), we have 



9/ 9g 9/ 9g 



6k 9tt k ^ 97r*^ 90k 

9/ 90// 9/ 9tt 7q '\ / dg 90 // 9 ff 9tt 7 ' 3 ' ' 




dg dir Jl3 ' 
div J P' d4>K 



November 4, 2008 14:0 WSPC/INSTRUCTION FILE kfte 



16 J. Struckmeier, A. Redelbach 

After working out the multiplications, we can recollect all products so as to form 
fundamental Poisson brackets 



r, _i _^ d f 9g r 1 df dg { Ia > J0 



b r dir Ja ' dir Ja ' dcpi 



For the special case that the transformation is canonical, the equations (|33[) . (|34p . 
and (|35[) for the fundamental Poisson brackets apply. We then get 



\f 1 = f d f dg d/ dg \ j _ r n 
L/'5J^ \d<t>vdn Ja ' dTr Ja ' d<t>i >) » 1 L/'SJ^M" 



(36) 



We thus abbreviate in the following the index notation of the Poisson bracket by 
writing [/, gj ^ = [/, gj ^ ^ , as the brackets do not depend on the underlying set of 

canonical field variables <pi , tt 1 ^ . 

The proof of the canonical invariance of the fundamental Lagrange brackets is 
based on the symmetry relations (fl7)) . (|20|) . (|23|) . and (|26p . Explicitly, we have 



ix 9tt a > Stt*^ d(p K 



>4>r d(pj< dcpr dcpj* 

d<p K dw J "' _ dn Kv d<p K 

dcpp dcpK d<pi> dcj)ji 

d<p K dn J »' dn Kv dir J ^' 



St 



d(p r d(p K d(p r dn Kv 
' ' » {o'.o-T*' 07) 



ocpr 

< V 1 d<p K dn K ^ dTr K ^ d<p K 

W ,7rju 'l ~ d<Pvdv Jvl d<j>r dn J »' 
d<p K stl dir Ka , dn 1 ^' d<p K 



d<pv a dir J »' d(p K dit Jv ' 
Q-k 1 *' dir Ka On 1 *' d(p K 
dir Ka dir J »' + d<p K dw Jv ' 

°* J "' ^ = {^1^ (38) 



" dn Jv ' 

r 1 4,,*" dcj>K dn 1 ^ dir K n d(f> K 

d<p K d(pj> „ dTr^ 7 50x 



<97r /a ' 5</>x 97r /Q ' 5tt^ 
/ d<pK dcpji d-K Kl d<pji 



-5^ 



7 



\dTr Ia ' d(p K dn Ia ' dTr K ~» J 13 
^- J5r ^ = = {7ri a ,7r JjS } . (39) 
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The Lagrange bracket (f3"Tj) of two arbitrary differentiable functions f(<j),ir,x) and 
g((j),ir,x) can now be expressed in terms of transformed fields </>/', ir 1 



{f,9Y 



dir K ^ dir Kf * dcj> 



K 



df dg 
( d(j) K (typ 
\d<j> r df 

( chr K » dc 



df dg 
d(f> K dn Ic 



dir Ia ' df 
dir K ^ dn 1 



d<t> r df dir Ia ' df 




Multiplication and regathering the terms to form fundamental Lagrange brackets 
yields 



df dg 



'V J + ~pT f a \'Ki a >,'Kjp>) 



df dg 



bpdTT J P' f f ,<!,,*» dn Ia ' d(f>j> , r 
\<f> ,Kjp>} ~— f ^-{<f> 



df dg 



For canonical transformations, we can make use of the relations (|3"?1) . (|3"8f . and ([55]) 
for the fundamental Lagrange brackets. We thus obtain 



{f>9} = fit »n 5 A 



dn 



la' 



df dg 
d<t>r dir 1 ^ 
df dg 



dn 1 "' d<t>y 
df dg 



df dg 



The notation of the Lagrange brackets (|31j) can thus be simplified as well. In the 
following, we denote these brackets as {/, g} M since their value does not depend on 
the particular set of canonical field variables <pi , 7r /M . 



3.8. Liouville's theorem of covariant Hamiltonian field theory 

For general transformations ((f), it) i— ► ((/>' ,ir') of the scalar fields 4>i and the pertain- 
ing conjugate vector fields n 1 , the transformation of the 2-form ui^ = d<f>i A dir 1 ^ is 
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determined by 



- \ :i. :),.... d(pK' 9(f) 



P,J> U<PK< U(p K > ucpj 

x ( dcj>i 8(f)! dir 1 * 



ji A d(f>K' 

dn Ja ' A dn KI3 ' 



2 \ dir Ja ' dir K P' div K P' dir Ja ' 

The terms in parentheses can be expressed as Lagrange brackets 

d(pj A dn^^ = \{4> J \<t> K 'yd(t),j, Ad(f> K , + \{K Jal ^ Kt i'Y^ a 'hdT: K ^ 

+ W i*Kc/Y tyj> Adn Ka '. 

If the transformation of the fields is canonical, then we can apply the transformation 
rules for the fundamental Lagrange brackets of Eqs. (|37|) . (|38|) . and (|39|) . Then, the 
transformation of the 2-form lo^ simplifies to 

W" = dxt>i A d-K hl = 5 J K 8^ dcj>j. A dTT Ka ' = d<f> r A dir 1 "' = a/. (40) 

The 2-forms are thus invariant under canonical transformations. We may thus 
refer to the as canonical 2-forms. 



3.9. Jacobi's identity and Poisson's theorem in canonical field 
theory 

In order to derive the canonical field theory analog of Jacobi's identity of point 
mechanics, we let f(<fr,ir,x), g(<p,ir,x), and h(<fr,ir,x) denote arbitrary differentiable 
functions of the canonical fields. The sum of the three cyclicly permuted nested 
Poisson brackets be denoted by , 



/. [g,h] l 



K [f,g] 



+ 



9,[h,f] l 



(41) 



We will now show that the a^ v are the components of an anti-symmetric (0, 2) 
tensor, hence that 



= 0. 



(42) 



Writing Eq. (j4Tjl explicitly, we get a sum of 24 terms, each of them consisting of a 
triple product of two first-order derivatives and one second-order derivative of the 
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functions f,g, and h 



df d ( dg dh dg dh 



bj dir Jv \d<t>i d-K 1 ^ dn^ dcj) 
df d f dg dh dg dh 



div J » d(t>j \d(j)i dn 1 ^ dir 1 ^ dfa 
dh d f df dg df dg 



d<j)j div J » \d4>i dn 1 ^ dix 1 * dfa 
dh d f df dg df dg 



+ 



d-K Ju d<j>j \dfa dn 1 ^ dn^dfa 
dg d f dh df dh df 



3fa dir J » \dfa dir 1 ^ dn 1 ^ dfa 
dg d f dh df dh df 



dn Jv d(j>,j \dfad-K^ dw 1 ^ dfa 

The proof can be simplified making use of the fact that the terms of a^ v from 
Eq. (|4ip emerge as cyclic permutations of the functions /, g, and h. With regard to 
the explicit form of Eq. (|4Tj) from above it suffices to show that Eq. (|42|) is fulfilled 
for all terms containing second derivatives of, for instance, /, 

dh dg d 2 f dh dg d 2 f 



^ dfa/ dir 1 ^ dir Jv dfa dfa, dfa dw ]v d-K^ 
dh dg d 2 f dh dg d 2 f 



d n Jv dn^ dfadfa dir^ dfa dfa,dn^ 
dg dh d 2 f dg dh d 2 f 

dfadfadTr^dn 1 ^ ~ d<f>j dn 1 ^ dn J »dfa 
dg dh d 2 f dg dh d 2 f 



dw lu d(f>i dfa/dn^ dw ]v dn J » dfajdfa ' 
Resorting and interchanging the sequence of differentiations yields 
dh dg d 2 f dh dg d 2 f 



(43) 



+ 



MV dfa dn Jv d-K^dfa, ' dfa d(j>j d-K^d-n 3 " 
dh dg d 2 f dh dg d 2 f 



dir 1 ^ chr Jv d fad fa, dir 1 ^ d(/>j dfadir J » 
dg dh d 2 f dg dh d 2 f 

dfadfadTT^dn^ + dfa dn^ dir^dfa 
dg dh d 2 f dg dh d 2 f 



d-K 1 ^ d<t>j dfadir J » dir 1 * dix Jv dfai 



(44) 



Mutually renaming the formal summation indices I and J, the right hand sides of 
Eqs. (|43| and (j44f differ only by the sign and the interchange of the indices /z and 
v. Thereby, Eq. (|42| is proved. 
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Poisson's theorem in the realm of canonical field theory is based on the identity 



df_ 

dx" 



,9 



J ' dx". 



(45) 



In contrast to point mechanics, this identity is most easily proved directly, i.e., 
without referring to the Jacobi identity (j4"2"]) . 

From to the definition (12T))) of the Poisson brackets, we conclude for two arbitrary 
differentiable functions f((f>,w,x) and g(<p,n,x) 



_d_ 

dx" 



[f>9] 



df dg df dg 



d 

dx" V dfa dir 1 * 
dg d (df_ 
dir 1 ^ dx" \dfa 
d^±_ ( df 
d<j>i dx" \dn^ 



dn 1 ^ dfa 
df d 



dg 



dfa dx" ydir 1 ^ 
df d f dg 



dg 
dir 1 * 



d 2 f 



id<j>j dx" 



df ( d 2 g dfa, 



d(j>i [dir^dfa dx" 
dg d 2 f dfc 



dfa \dn^dfa dx" 
df ( d 2 g 



dn 1 * \ d fad fa dx" 
dg d I df dcj)j 



dir 1 ^ dx" \u<pi 

d 2 f dir Ja 
j) I diT Ja dx" + ~c 

d 2 g dir Ja 

d 2 f dir Ja 
di: I ^d-K Ja dx" 

d 2 g dir Ja 
d(/)idir Ja dx" "* 



d 2 f 



rdx" 



cxpl , 



d 2 g 



dn^dx" 
d 2 f 



dn^dx" 
d 2 g 



cxpl J 



cxpl i 



idx" 



cxpl j 




df dir 



Ja 



+ 



d(j)j dx" dn Ja dx" 
d_ ( df_dfa_ ^ df dTr Ja 

dg dir Ja 



d£ 

dx" 



dfa dir 1 ^ \dfat dx" 
df d f dg dcj)j 



cxpl 

df_ 

dx" 



6/ dir 1 * 



df 



dfaf dx" 
dg dcj>j 



d 

dir 1 * dfa \ dfa, dx" 



dg d ( df_ 
d-K 1 * dfa \dx" 
df d f dg 



dg 



dn Ja dx" 

dg dw Ja 
dir Ja dx" 

d 



dg 
dx" 

dg 
~dxP 



cxpl , 



cxpl I 



cxpl i 



d£ 

i dir 1 * {dx" 
df d f dg 
d-K 1 * d4>j \ dx 1 



df 



dg 
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Provided that both the first derivative djdx v as well as the two second deriva- 
tives d 2 / d(j)idx v and d 2 / dir 1 ^ dx v vanish for both functions / and g, then the first 
derivative with respect to x v of the Poisson bracket [/, g]^ also vanishes 

J^ =n -^ = o d " f =o d 2 / 1 

This establishes Poisson's theorem for canonical field theory. 



3.10. Hamilton- J acobi equation 

In the realm of canonical field theory, we can set up the Hamilton- Jacobi equation as 
follows: we look for a generating function F^((f>, <f>' ,x) of a canonical transformation 
that maps a given Hamiltonian density 7i into a transformed density that vanishes 
identically 1 H' = 0. In the transformed system, all partial derivatives of TC thus 
vanish as well — and hence the derivatives of all fields <j>i'{x), ir 1 (x) with respect 
to the system's independent variables 

dTC _ Q _ dn Ia ' dW _ Q _ dcj)r 



o<pp dx a ' diT 1 ^' dx^ 

According to the transformation rules (|16p that arise from a generating function of 
type S = Fi(<f>, <fi',x), this means for a given Hamiltonian density Ti 

dS° 



H{<j),it,x) 



dx° 



= 0. 

cxpl 





dS a 




+■ ~n 

dx a 



In conjunction with the transformation rule tt 1 ^ = dS^/difii, we may subsequently 
set up the Hamilton-Jacobi equation as a partial differential equation for the 4- 
vector function S 

/ AS \ f)S a 

= 0. 

cxpl 

This equation illustrates that the generating function S defines exactly that partic- 
ular canonical transformation which maps the space-time state of the system into 
its fixed initial state 

cjyj, = 7 (O) = const., n 1 **' = 7T /fl (0) = const. 

The inverse transformation then defines the mapping of the system's initial state 
into its actual state in space-time. 

As a result of the fact that TC' as well as all d<fii> / dx 11 vanish, the divergence of 
S((f>, (j>\ x) simplifies to 

dS a dS a d<h r 3S° 



dx a d(f>i dx a dx a 



cxpl 
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This equation coincides with the transformation rule (I14|) of the Lagrangians for 
the particular case £' = 0. The 4-vector function S thus embodies the field theory 
analogue of Hamilton's principal function S, dS/dt = L of point mechanics. 

4. Examples for Hamiltonian densities in covariant field theory 
4.1. Ginzburg- Landau Hamiltonian density 

We consider the scalar field 4>{x, t) whose Lagrangian density C is given by 

Cfadthdvj) = | [{d t ^f -v 2 {d x <t>f\ + A(0 2 - l) 2 . (46) 

Herein, v and A are supposed to denote constant quantities. The particular Euler- 
Lagrange equation for this Lagrangian density simplifies the general form of Eq. ||3J| 
to 

8 dC 8 dC 8£ _ 



dtd(d t (f>) dxd{d x (j)) 
The resulting field equation is 

g -D-o. ^ («) 

In order to derive the equivalent Hamiltonian representation, we first define the 
conjugate momentum fields from C 

, . 8Z d(j> dC od<j) 

nt{x ^ = dm = m> ^ M = d(M) = v 

The Hamiltonian density Ti. now follows as the Legendre transform of the La- 
grangian density C 

H((t>,ir t ,n x ) = 7r t ^ + tt x ~ £{<t>,d t 4i,d x <f>). 
The Ginzburg-Landau Hamiltonian density TL is thus given by 

H(4>,Tr t ,ir x ) = \ 



~\{4> 2 -l) 2 . (48) 



-1^ 

2 x 

V 

The canonical field equations for the density Ji of Eq. (|48p are 

dH _d(f) dH _ d(j) dH _ dir t dir x 
dirt dt ' 8ir x dx ' d(f> dt dx ' 
from which we derive the following set coupled first order equations 
8<t> 2 d( t> dn t 8n x , 2 . 

Ki= dt> nx = - V dx-> ^ + ^~ 4A ^^ 1 ) =0 - 
As usual, the canonical field equations for the scalar field 4>{x, t) just reproduce the 
definition of the momentum fields 7r t and 7r x from the Lagrangian density C. 

By inserting 7r t and % x into the second field equation the coupled set of first 
order field equations is converted into a single second order equation for (j)(x,t): 

which coincides with Eq. (|47|) . as expected. 
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4.2. "Natural" Hamiltonian density 



A general Hamiltonian system with a quadratic momentum dependence is often 
referred to as a "natural" 

n = \n a -K a + w(4>,x). 

We note that this Hamiltonian density Ji resembles the Hamiltonian function H of 
a conservative Hamiltonian system of classical particle mechanics, which is given 
by H = T + V as the sum of kinetic energy T and potential energy V. The first set 
of canonical held equations then follows as 

d(f) _ dU 

2 71 > + 2 7r ^-2^+2^^ 
= K + K^=7T M . (49) 

The second canonical held equation writes for the present Hamiltonian density 

dU _ dW _ dn a _dir a 

d(f) d<j> dx a dx a 
Inserting the momentum fields tt^, tt^ we again end up with a second order equation 
for the scalar field <j>(x) 

d d , , . dW{4>,x) 



dx a dx a dcj) 
For a "harmonic" potential 

W(<f>,x) = ±V(x)<t> 2 , 
we immediately obtain the Klein-Gordon equation 

d d 



0. 



dx a dx a 



V(x) 



x) = 0. (50) 



Equation (J50J) is thus the field equation pertaining to the Klein-Gordon Hamiltonian 
density 

In this regard, the Klein-Gordon equation is nothing else as the field theory analog 
of the equation of motion of the harmonic oscillator of point mechanics. For the 
constant potential factor 

V(X)=(^Y =► WKG = ^ Q + i(^)V, (51) 

we obtain the particular Klein-Gordon equation which describes in relativistic quan- 
tum field theory the dynamics of a free particle of zero spin and mass m 
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Regarding the first canonical field equation (|49p that follows from the "natural" 
Hamiltonian density, we observe that the momentum fields 7r M (x), 7r M (x) coincide 
with the partial derivatives of the scalar field 4>{x). 

This reminds of the method of "canonical quantization" , where the the transition 
from the classical mechanics is made by replacing the canonical momenta p M with 
corresponding operators p^ that are supposed to act on a complex-valued "wave 
function" 4>{x). In position representation, these operators are 

Solved for the conjugate momentum fields of covariant field theory, this yields 

the connection of the 7r M to the operator notation of quantum mechanics for all 

"natural" Hamiltonian densities 

i i 
tt^x) = --p> i 4>(x), iv IJ ,{x) = --p tl (t){x). 

In the usual quantum mechanics' formulation, the Klein-Gordon equation is derived 
by replacing according to Eq. (|52[) the physical quantities momentum and energy 
in the relativistic energy-momentum relation 

PfiP* 1 = m 2 c 2 

by the corresponding operators p^ — > p M and letting the resulting operator act on 
a wave function <p(x). Obviously, this yields exactly the same field equation that 
we obtain in covariant field theory for the "harmonic" Hamiltonian density from 
Eq. (H). 

4.3. Klein-Gordon Hamiltonian density for complex fields 

We first consider the Klein-Gordon Lagrangian density £kg for a complex scalar 
field (f> (see, for instance, Ref. ^j): 

Acg^*,^,^*) = (hcd a (j>*)(hcd a <p) ~ (mc 2 (j>*)(mc 2 <p). (53) 

Herein 0* denotes complex conjugate field of <fi. Both quantities are to treated 
as independent. The Euler-Lagrange equations ([2|) for (j> and <f>* follow from this 
Lagrangian density as 

_^* = _(™)V, fe^=-(ir) 9 * (54) 

As a prerequisite for deriving the corresponding Hamiltonian density 7Ykg we must 
first define from Ckg the conjugate momentum fields, 

<9£kg fc2 2<90* u* 9C K g fc2 2 d( l> 

~ ~ ~ n, c — — , 7r F = — — — — = h e 



The Hamiltonian density 7i then follows again as the Legendre transform of the 



Lagrangian density 



WCtt^tt " ,0j,0j)-7r a — +7T q^;-£- 
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The Klein- Gordon Hamiltonian density TLkg is thus given by 

Wkg^tt"*,^*) = j^K a ii a ' + {mc 2 fcb*4>- (55) 

For the Hamiltonian density (|55[) . the canonical field equations © provide the 
following set of coupled first order partial differential equations 

OHkg d<h 1 „. dUxcn d<h* 1 



dn^ dx^ h 2 c 2 ' dn^* dx^ h 2 c 2 p 

d7i K G dir a 2 2 dH KG dir a " 2 2 

-«r = - = (TOC } * > -fi^ - = - &f- = (™ c ) 

Again, the canonical field equations for the scalar fields <f> and cb* coincide with 
the definitions of the momentum fields 7r M and ir^ from the Lagrangian density 
£kg- Eliminating the 7r M , from the canonical field equations then yields the 
Euler-Lagrange equations of Eq. (|54[) . 

For complex fields, the energy-momentum tensor in the Lagrangian formalism 
is defined analogously to the real case of Eq. © 

rpv = dC dcbj dC deb} _ s „, 
" d{d v cj>i) dx» d(d v <j>}) dx» M ■ 

Expressed by means of the complex Hamiltonian density Tl, this means 

rpv X vnj, Jtu 9( t>I XV I 9< t>I , I v' R v Ta* d( t>*I 

For the Klein-Gordon Hamiltonian density "Hkg from Eq. ([55]) . we thus get the 
particular energy-momentum tensor KG 

^KG = ^2 + n "*' !r M - ^ 7r « 7I "°' ) + ^ (WC 2 ) V</>- 

4.4. Maxwell's equations as canonical field equations 

The Lagrangian density Cm of the electromagnetic field is given by 

£ M (A,dA,x) = ~y^-- 3 »(x)A„ f MV = ^-™£. (57) 



c 



Herein, the four components A M of the 4-potential now take the place of the 
fields 4>i = (ftp = A^ in the notation used so far. The Lagrangian density ([57]) thus 
entails a set of four Euler-Lagrange equations, i.e., an equation for each component 
Afj,. The source vector = (cp,j x ,j y ,j z ) denotes the 4- vector of electric currents 
combining the usual current density vector {j x ,jy,jz) of configuration space with 
the charge density p. In this notation, the Euler-Lagrange equations ([2]) take on the 
form, 

d dC M 5£ M=0; M = 0) _ )3 . (58) 



dx" d(d v AJ dA^ 
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With Cm from Eq. l|57|) . we obtain directly 

dx v c 



(59) 



This is the tensor form of the inhomogeneous Maxwell equation. In order to formu- 
late the equivalent Hamiltonian description, we first define, according to Eq. ([3]), 
the tensor field components ir^ as the conjugate objects of vector components 



7r^(x) 



dC 



M 



With the particular Lagrangian density (|57|) . this means, in detail, 



(60) 



.An 



d(d a A x ) J 



4 V^(5 a A A ) 

'2J 



d{d a A> 

d(d a A x ) 



' fuv 



hr- 



d{d a A x 
d_ 

HW) 



fdAA _ / gAg 
V 9^ / V 



dA a dA x 



r 



dx a 



The tensor tt^ thus coincides with the electromagnetic field tensor , defined in 
Eq. (fS"7|) . Corresponding to Eq. ([4|, we obtain the Hamiltonian density Hm as the 
Legendre-transformed Lagrangian density Cm 



dA, L 
dx v 



C M {A,dA,x) 



The double sum tt^ v dA^/ dx v can be expressed in terms of the Lagrangian expres- 
sion f^f^, 



J J (lis — 



(dA v dAA (OA 



dA„ 



\ dx^ dx v J \ dx^ dx 
2 dA^dA^_ _ 2 d\8A^ = _ 2 dA^ ( dA v _ dAA 
dx" dx v dx v dxp. dx v \ dx^ dx v J 

,dA a 



dx v 



(61) 



Because of 7r M " = f^ v , the Hamiltonian density Hm of the electromagnetic field is 
then obtained as 

n M (A,n,x) = -i^^ + ^-nx)A„ ^ = *j±-M£. (62) 
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The first canonical field equation of Eqs. follows from the derivative of the 
Hamiltonian density ((62)) with respect to ir Xa 



dA x _ dH M _ _i u„ <9ti> _ i dn^ 
dx a ~ dir Xa ~ 4 71 dir Xa 47r ^dTT Xa 

Interchanging the indices, we likewise get 

dA a _ 
dx x 

Making use of the antisymmetry of the tensor tt^ , the two preceding field equations 
can be combined to yield 

dA a dA x 

-d^~d^= nxa - (63) 
Similar to the previous examples, the first field equation reproduces the definition 
of the conjugate tensor field from the Lagrangian density Cm- 

The second canonical field equation of Eqs. ([5|) is obtained calculating the deriva- 
tive of the Hamiltonian density (|6"2")) with respect to Ax 

dw Xa _ dHu _ 4tt . x 
dx a ~ dAx c J 

For the Maxwell Hamiltonian density ([52"]) . the second field equation is thus given 

by 

<9tt Aq 4tt x „ 

ftF + 'I = °' (64) 
which agrees, as expected, with the corresponding Euler-Lagrange equation (|59p 
because of tt^ = f^. 



4.5. The Proca Hamiltonian density 

In relativistic quantum field theory, the dynamics of particles of spin 1 and mass 
m is derived from the Proca Lagrangian density £p, 

dA v dA^ _ mc 

dx^ 1 dx v ' H 
We observe that the kinetic term of Cp agrees with that of the Lagrangian density 
Cm of the electromagnetic field of Eq. ([57]) . Therefore, the Euler-Lagrange equations 
read similar to those of Eq. 

12 n A^ = 0. (66) 

dx w 



\rU v + \&A»A», ftiy = -JL--J±, Q = L-. (65) 
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The transition to the corresponding Hamilton description is performed by defining 
the momentum field tensors W iV on the basis of the actual Lagrangian Cp by 

= it dc ? 



Similar to the preceding section, we conclude 
With the Legendre transformation 

ft A 

ox v 

we obtain the Proca Hamiltonian density by following the path of Eq. (|6ip 

Hp = -±IP"TV - |n 2 A"i4 M . (67) 
The canonical field equations emerge as 

ft A.. 



dHp _ dA^ QA V 

dm v ~ 'dx 17 ~ 9^ ~~ " " 
dHp _ _dIF" 

~dA~ ~ dx 17 



= -n 2 A». 



By means of eliminating IF"' , this coupled set of pairs of first order equations can 
be converted into second order equations for the vector field A 1 *, 

_d_(dA !i _dAA +n 2 A , = 
dx v V dx" dx» J 

As expected, this equation coincides with the Euler-Lagrange equation 



4.6. Canonical field equations of a coupled Klein- Gordon- Maxwell 
system 

The Lagrangian density £kgm of a complex Klein-Gordon field <f> that couples 
minimally to an electromagnetic 4- vector potential A^ is given by 

£kgm = (J^ + iqA^ - + nV<£ ~ \f MV f^- (68) 

The components of the electromagnetic field tensor are defined in Eq. ([57]) . The 
conjugate fields of 4> an d A^ are defined from the Lagrangian £kgm by 

^ = dC K GM = djf_ _ . A ui* 
d(d u 4>) dx v 
dC K GM d<j) . 

d(d u A») J • 
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The corresponding Hamiltonian density Wkgm is now obtained as the Legendre 
transform of £kgm, 

Hkgm = TI — + ^—+^—-^0^ 

To obtain the canonical form of 7Ykgm, all partial derivatives of the fields 6 and 
A M must be replaced by the conjugate fields ir^ and IF" , respectively, 

Kkgm = ttX + iqA" {^6* - tt^) - r! 2 0*0 - ±n^n^. (69) 

As shown in Sect. 14.41 the derivative of the Hamiltonian density 7Ykgm with respect 
to the n M „ yields the canonical equation 

dAp, dA v 



n„ 



^ 8x v dx» ' 

From the derivatives of Hkgm with respect to the tt^ and 7r* , the following canonical 
field equations arise 

OHkcm * ■ a j. 9 & 

The third group of canonical field equations emerges from the derivatives of TLkgm 
with respect to the A^, and with respect to the A, 6* as 



d7iKGM -i?6-i Q A<X> 



86* ot g xa ■ 

By eliminating the conjugate fields and tt^, these field equations can be rewrit- 
ten as second order partial differential equations, corresponding to those that follow 
from the Euler-Lagrange equations for the Lagrangian density £kgm 

8f» a 



8x a 

8 2 6* , . .„ N . 86* . ,^8A a 



J" 



8*8,. ^ + q2A ^ ~ 2iqA "lk ~ iq ^ = ° 
(tt 2 + q 2 A a A a ) 6 + 2iqA a ^ + iq 6^- = 0, 



8x a 8x a ' dx a 8x a 

with the J M being defined by 

J» = -iq L* (P- + iqA»A - 6 - iqA»6* 

\ oxn J \ dx^ 
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4.7. The Dirac Hamiltonian density 

The dynamics of particles of spin k having mass m is described by the Dirac 
Lagrangian density £d- Introducing anticommutating 4x4 matrices ji, i = 1, . . . ,4 
and spin i fields ip, the Dirac Lagrangian density is given by 

£d = iipj^d^ip ~ rnip^, (70) 

wherein 

4> = taV- 

In the following we show some fundamental relations among 7 matrices: 

{/,f}E 7 Y+7Y = y" 



7" = 7 °y 7 ° 



vOt 



7 
4 



7°7° 



7 
7^ 

[V , 7"] = 7^7" - 7V = -2«7"" (71) 

Note that in Eq. ([70)1 the derivative acts on ifj on the right. The Dirac Lagrangian 
density £d can be symmetrized using the aforementioned relations of 7 matrices 
and by combining the Lagrangian density Eq. (|70[) with its adjoint, which leads to 

i 



(72) 



The resulting Euler-Lagrange equations are identical to those derived from Eq. (|70p . 

ij^d^ip — rmp = 

id^Y +mifj = 0. (73) 
Since the Wronskian determinant vanishes, 

d 2 £v 



det 



0, 



(74) 



_d(d^)d(d^)_ 

the corresponding Legendre transformation of the Lagrangian density Eq. ([72"]) is 
irregular. A term including the derivatives d^ip and d u ip enters the Lagrangian den- 
sity with a prefactor of dimension mass -1 . As has been shown e.g. by GasiorowicJ^, 
one can construct a divergence- free term of this structure, leading to invariant equa- 
tions of motion and a regular Legendre transformation. The additional term is given 

by 

corresponding to the divergence of ipa^d^ip: 



d_ 
d 







dip 
(d^i/O 



d 
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Note that (d^d^ip) \p<j^ v vanishes, since this term is summed over a symmetric and 
antisymmetric part. One obtains the equivalent Lagrangian density 

£d = \ - d^i>) - iXd^a^d^. (75) 

The canonical momenta follow as 



dC 



d (d»$) 2 

In order to Legendre transform the Lagrangian density, it is useful to express d^ip 
and in terms of tt^ and w^. For the "inversion" of Eq. (|75|) the matrix 



1 

is introduced which obeys the following relations: 

TpvCF = <T T Vfi = 0^ 

The terms t^^tt^ and tt^t^ lead to 



1 1 

d v 1p = -Tv^ + gVT*/^ 



d v {[> = - ^ lv . (77) 

Therefore the Legendre transformation can be fulfilled using 

H D = TT»d„TP + d„4>n» - £' D . 

The terms arising in the expansion of this equation can be simplified using Eqs. (|71[) . 
leading to the Dirac Hamiltonian density of the form 



7Yd = ^ (i^Tufj,^ + ^k v ^Iv4! - ^ip-fvir" + -ipip ) + mtpij}. (78) 



The canonical equations of motion 



if „ 1 



on 



D 



sK4 
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correspond to the definition of the canonical momenta, see also Eq. (|76p and 
Eq. (|77p . The other canonical equations of motion are given by 

^-s(f^ -*)-"* <79) 
a - s * = -^ = -n(k> + *)-"" 5 - (80 » 

In order to show the equivalence of these equations of motion to those derived in 
the formalism of Euler-Lagrange, we express the canonical momenta through ip 
and d^ip, thereby using Eq. (|76|) . The relations of 7-matrices Eqs. ([71]) then yield 
Eqs. (f73|) . as shall be demonstrated for 9 M 7r AI 

= \lvO v>L d^ - mip 
6 

= ^ [47^ - 7, (2<?^ - W)] dp4> - miP 
= -jl^d^ip - mip 

=0 

=>• i-f^d^i/j — mip = 0. 

It should be mentioned that this section is similar to the derivation of the Dirac 
Hamiltonian density in Ref. ^1 However, the results of this section are worked out 
here in order to present a consistent and thorough study of covariant Hamiltonian 
field theory. 



4.8. Hamiltonian density for a SU(2) gauge theory 

The Lagrangian density Cym of a SU(2) Yang-Mills gauge theory consisting of a 
complex doublet <p of scalar fields, the coup ling constant g and SU(2) gauge fields 
A£{a = 1, 2, 3) is given by (see e.g. Ref. ^ 



£ym — 



1 1 



y 2 



— V 1 



r/r/ M V (81) 



This Lagrangian density is invariant under space-time-dependent SU(2) gauge 
transformations. In the following the Hamiltonian density corresponding to Eq. (|81[) 
shall be derived and in section 15.91 we will present the generating function of an 
infinitesimal local SU(2) gauge transformation. The Hamiltonian density will be 
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obtained by a Legendre transformation without restriction to a particular gauge. 

IOOI 

The resulting Hamiltonian density is therefore different from those given in Ref . 
where a gauge A Q a = 0, a — 1, 2, 3 has been chosen and only gauge fields have been 
taken into account. 

Making use of the Levi-Civita tensor e abc , the following relations and definitions 
for Hermitian Pauli matrices r a and covariant derivative hold: 



Ta U 

2 ' 2 



(ti,t 2 ,t 3 ) 

l^abc "77" 



a,b,c = 1, 2, 3 



- ig-A^ 

y 2 



ft" = d»A:-d»AZ+ge abc A b »A 

J a J a 

The momenta conjugate to cj> are given by 
,, dCyM 



(82) 



d£-YM 



0" - ig-A» 



= [&*- ig-A^ 



t 



+ig$-A ii 



= d»<f> - ig-A^. 



(83) 



Note that 7r M has the form of a (1x2) matrix in SU(2) parameter space, while 7r M t 
takes on the form of a 2 x 1 matrix. In analogy to quantum electrodynamics, an 
Abelian gauge theory, we obtain the conjugate momentum field tensors 

<9£ym 



ttAo 
LL d 



d (d a Af) 

as can been shown in the following way: 



fd 



A a 



(84) 



n 



d (d a A 



~ (ge abc A b »A c » (d»A a u - d v A<$ - {d»A v a - 8 V A») ge abc A bli A cv ) 



d (d a A 



lge abc A b »A c » (d^AZ-duAl) 



(85) 



Note that here the term without d^A" contribution has been omitted. In analogy 
to the conjugate momentum tensor of electrodynamics, the first line in Eq. (|85|) can 
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be written as d x A% — d a A d . Furthermore one obtains 



^ge dbc (A ba A cX - A bX A ca ) 
~ge dbc (A bX A ca + A ca A bX ) 



The Hamiltonian density Hym follows as the Legendre transform of the Lagrangian 
density Cym- 



= d x A a d 


-d a A x 


= d x A a d 


-d a A x 


= d x A a d 


-d a A x d 


rXa. 
— Jd ■ 





Hym = ir"d v <j> + d^Vt + IL^dvA* - C YM 

Using Eq. (|83|) and Eq. (|84|) to express the Lagrangian density in terms of the 
conjugate momenta yields 

£ Y M = ^7rt-y(0V)-inrn^. 



Moreover we can use Eq. (|83|) to express d^cj) and d^(fr in terms of fields and 
conjugate momenta, 

= ti> -ig^-fi}^. 

Because of 

W»d v Al = (d»Al - d"A» + ge abc A b ^A^) d v A% 

= d»A v a d v Al - d v A»d v Al + ge ahc A h »A cv d v Al 
-K"d»K = - - d v A% + ge abc A b <*A°») 

= -d^Ald^Al + d v A^A a u - ge abc A b »A c »d^ 
= -d v A»d v Al + d»A v a d v Al ~ ge abc A b »A c »d v Al 
= -d u A%d v Al + d»A v a d v Al + gt abc A b »A cv d v Al 
nr {d v Al - d„AZ) = m^duAi 
nr (n; - ge abc A b ,A c ^) = m^d^i 

one obtains 

u^d v A- = \k v (K, - ge abc A b „A c ,) = -inrn^ - \ge ahc n^ A bv A cv> . 

The Hamiltonian density follows as 

Hym = Tr^Trt + ign^l^ - ig$ T -A^ + V {$<t>) 



2 

^U^--ge abc U^A b ^\ !! . (Mi) 
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The equations of motion for scalar fields and the corresponding conjugate momenta 
are derived in the following way 

d4 yV 2 

As for the equations of motion for gauge fields and the corresponding momentum 
tensors we obtain 

= d v Al - d^Al = - ge abc A bu A ctl (87) 

a«VM = . ^ _ ^iTl^ _ ge ^A cv = (88) 
dA aii 2 Y 2 b dx v 1 

It is worth noting that the equation of motion Eq. (|57|) follows from 



= ^§x9„A; = S d a (5W 8^) d v Al 
= d x A d K - d K A d x = Hf K - ge dbc A bX A CK . 

Moreover the term proportional to in the equation of motion Eq. (|88p can be 
derived as 



9A dX \ 2 



-ge ahc W a v A hv A c ^ 



5. Examples of canonical transformations in covariant 
Hamiltonian field theory 

5.1. Point transformation 

Canonical transformations for which the transformed fields 4>i' only depend on on 
the original fields ipi, and possibly on the independent variables x M , but not on the 
original conjugate fields ir 1 are referred to as point transformations. The generic 
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form of a 4- vector generating function F 2 that defines such transformations has the 
components 

Fg( C />y,x) = fj( ( t>,x)7r J »'. 

Herein, fj = /,/(</>, x) denotes a set of differentiable but otherwise arbitrary func- 
tions. According to the general rules HH) for generating functions of type F 2 , the 
transformed field fa' follows as 

8F^ B7r J ^' 
The complete set of transformation rules is then 



(89) 

cxpl 

As a trivial example of a point transformation, we consider the generating function 
of the identical transformation 

F2{<t>y) = <j>j-K J »' . (90) 

The pertaining transformation rules (|89p for the particular case fj(<fi) = 4>J are i 
viz, 

7r^ = 7r V , <t>i>=<f>i, H'=H. 

The existence of a neutral element is a necessary condition for the set of canonical 
transformations to form a group. 

5.2. Canonical shift of the conjugate momentum vector field it 1 

The generator of a canonical transformation that shifts the conjugate 4- vector field 
7r / (x) can be defined in terms of a function of type F ■$(()>' ,ir,x) as 

Ft = -<t> I ,(i^ + rf'>). (91) 

Herein, the 4- vector fields rj 1 = n 1 (x) are supposed to denote arbitrary functions of 
the x^ . The general transformation rules (|22p simplify for this particular generating 
function to 

Tu' la . Ia 

7T p = - — — = 7T p + T) p 

d(f>r 



r)F a 

n' = n+ p- 

dx a 



cxpl 



dr] Ia gr] Ia 



hence 



7T 



'<• = + ^, fa, = fa, n' = n-fa^. (92) 
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Provided that the divergence of the fields n 1 (x) vanishes, then the Hamiltonian 
density 7i is conserved 

dn Ia 

^— = H'=H. (93) 

This means for the canonical field equations ([5]) that the vector field tt i (x) conjugate 
to 4>i (x) is only determined up to a "shifting" field n 1 (x) that conforms to the 
condition (f93"l) . 

d^' ~~ drr' 1 ' dfa _ 9x Q 

5.3. Local and global gauge transformation of the field <fii 

A phase transformation of the field fa (x) of the form 

M*)^M*) = M*)J s( - m) (94) 

is commonly called a "local gauge transformation" . We can conceive this as a point 
transformation that is generated by a 4- vector function of type F% 

F%{fan' ,x) = fav I » e l6{x \ (95) 

The pertaining transformation rules follow directly from the general rules of 

Eqs. cnu 

fa, = fae i6 ^\ tt 1 "' = Tr^e^M H' = H + i fa tt 7 "^. 

ox a 

In the particular case that does not depend on the hence if = const., then the 
gauge transformation is referred to as "global". In that case, the generating func- 
tion (|95f itself does no longer explicitly depend on the x M . The Hamiltonian density 
is thus always conserved under global gauge transformations fa(x) — > fa(x) e , 

fa, = fa e l9 , tt^ 1 ' = TT^e' 16 , H' = H. 

5.4. Infinitesimal canonical transformation, generalized Noether 
theorem 

The generating function F% of an infinitesimal canonical transformation differs 
from that of an identical transformation (|90[) by a small quantity Sx a g^((f>,ir,x) 

F?(<f>y,x) = fan 1 *' + dx a g^(fair,x). (96) 

To first order in the Sx a , the subsequent transformation rules (|19p are 



cxpl 



tt^ =^-6x a ^, fa,5Z = fa5Z + 5x a -^, H' = H + 8x a -^ 



hence 

rlrf Pint* rirfi 

(97) 



r dq^ dq^ dql 3 

5^ = -Sx a ^, 6faS^Sx a -^, SH^Sx"^ 



cxpl 
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In order to derive Noether's theorem, we additionally need the transformation rule 
for the partial derivative dfa/dx u , which we derive from the rule for fa from 
Eq. (|97|) by calculating the divergence 



thus 



dx^ 



dx v 



dx^ 



+ 5x a 



d ( dg% 



dx" 



5x a 



d 



dx* 1 \dTT Il/ 



dx^ \dTT Iu 



(98) 



We furthermore need to calculate the divergence of the characteristic function g£ 
of the generating function (|96p . With the transformation rules (|97|) . the divergence 
reads 



X r a ^ a = Sx a 



dgj dfa , dgj 8*** 
dfa dx? 



dir 1 ^ dx? 



cxpl j 



6H. 



As we arc interested in symmetries that evolve in the course of the system's space- 
time evolution, the canonical field equations ((5]) can be inserted to yield 

" ' 0(f)! 



Sx c 



dx? 



dU 



= Sx 



On 1 ? 
dU 

dx* 



dfa 



Sfa 



n Ta on p + ox — — 
dir 1 ? dx a 



cxpl 



cxpl 



Therefore, 



cxpl 



dU 

dx" 



cxpl 



dgj dfa Dgj frr** 
dfa dxP dir^ dx? ' 



(99) 



Noether's theorem can now be derived by calculating the change of the Lagrangian 
density C that is induced by the infinitesimal canonical transformation (|97p . As the 
transformation is supposed to be canonical, original and transformed Lagrangian 
densities, C and can only differ be a divergence Sx a df^/dx 13 , 



SC — C! — L = 5x 



df 
dxP' 



(100) 



This means in the Hamiltonian description 



r i0l 



-H = TT 



dx@ dx@ dx@ 

The primed quantities in the preceding equation is now expressed in terms of the 
unprimed ones according to the transformation rules (|97p 



dfa 
dxi 3 



\ dx 13 dx^ 



J dxP 



Sx 



cxpl 



a dfl 
dxP' 
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The terms not depending on Sx a cancel. As the Sx a are supposed to be independent, 
the first-order terms in 5x a entail the set of equations 



Jp ±_ (M\ _ d£d^ _ d£ 

8x0 



Inserting Eq. ([99]), this writes, equivalently 
d ( dgi \ , dgi 



+ 



cxpl 



dn 

dx a 



cxpl 



dfl 

dx^ 



dfl 
dxV 



dxP ydir 1 ^ J drr^ dx? 
The sum on the left hand side can now be written as a divergence, 
d ( dgi .„\ dH 



dxP 



dir 1 ^ 



J a 



- 



dx a 



(101) 



cxpl 



This is the generalized Noether theorem of classical field theory in the Hamiltonian 
formulation. The theorem thus consists of the continuity equation that emerges if 
we relate the characteristic function g^, of with the change of the Lagrangian 
density C that is induced by the infinitesimal canonical transformation (I96|) . If we 
apply an infinitesimal canonical transformation with characteristic function g£ to a 
given Hamiltonian system n, then the related change SC of the Lagrangian density 
C is determined by functions /£. For the four vectors of the 4-current densities j a 
("Noether currents") 

r i 7 dgi 



,7T,X 



we have a set of four equations 

djl 

dx? 



dn 

dx a 



(102) 



(103) 



cxpl 



which each represents a continuity equation for the Noether current j a if the Hamil- 
tonian density n does not explicitly depend on the respective x a . It is, of course, 
not assured a priori that for a given function gi in the generator (|9T[) analytical 
functions /£(0,ir,x) exist that satisfy Eq. ()101j) . If, however, functions f@ of the 
canonical fields (pi, tt 1 ^ exist, such that 



SC = Sx 



df 

dx^ 



holds under transformation (|97p . then the infinitesimal canonical transformation 
generated by Eq. (|96|) represents a symmetry transformation of the given system. 
In that case, the continuity equation (|103[) holds for the 4-currents j a , defined by 
Eq. QUI) - 

We can express the Noether currents (I102[) alternatively in terms of the variation 
of the fields <f>i. Inserting the transformation rule of Eq. ([97]) into Eq. (|102p . we get 



5x a f t 



a f p 



(104) 
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Defining functions tpxa by 

S(f>i = Sx a ij Ia ((f>,Tr 7 x), 

then we can write Eq. (|104p separately for each component a because of the inde- 
pendence of the 5x a . We thus get an alternative formulation of Noether's theorem 

of Eqs. HMD, (PUD , 



d£ _ dU 

dx 13 dx a 



cxpl 



In the particular case that the Lagrange density C remains invariant (SC = 0) 
under the infinitesimal canonical transformation (|97|) . we have dfP/dxP = 0. We 
may then set f@ = 0, as otherwise the would be trivial contributions to the 
current components j£. Then, Noether's theorem takes on the simple form 



df a = on 

dx? dx a 



, j Pfa*, x ) =ir *~rpZ. (105) 



The conventional form of Noether's is recovered for the special case of an infinitesi- 
mal point transformation. The latter is associated with a characteristic function g v 
in the generator (I96p that depends linearly on the ir Il/ 

gtf<f>,ir,x)=ir Iv il> Ili (4>,x), (106) 

wherein each tpi^ denotes an arbitrary function of the <f>i and the independent 
variables x. The ipi^ then determine the variation of the fields <fii according to the 
transformation rule from Eq. (|97p 

50/ ee fa, -fa = 5x a ipi a (<f),x). 

The special Noether theorem — as it emerges similarly from the Lagrangian for- 
malism — thus reads 



df a _ on 

dxP dx a 



fa 



cxpl 



We note that due to the restriction to a generating function (|96p with particular 
characteristic function g v from Eq. (|106[) . the Noether theorem of Eq. (|107|) can- 
not cover, in general, all symmetries of a given system. The reason is that the 
point transformation defined by Eq. (|106j) is not the most general transformation 
that conserves the variational principle of Eq. (|12|) . Symmetries of Hamiltonian (La- 
grangian) systems that cannot be represented by point transformations, are referred 
to in literature as "non-Noether symmetries". Yet, such symmetries can always be 
expressed in terms of the generalized form of Noether's theorem from Eqs. (|102[1 . 

PS). 
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5.4.1. Example: shift of reference system in space-time 

As a simple example of an application of Noether's theorem, we now determine the 
continuity equation that emerges if a given system is invariant with respect to a 
shift Sx in space-time 

x' = x + Sx. 

The related change of the Lagrangian density C is expressed by Eq. () 1 00[> . 
SC = £ - £ 



,>£ .Sx a = ^-5x a . 



dx a "~ dxP 

As the 5x a do not depend on each other, we get separately an equation for each 
component 

dC_ = dfl 

dx a dxP ' 

A shift of the reference system in space-time entails a variation of the fields <f>i, 

Sfa = fa, - fa = ^Sx a . 

As the transformed fields 0// only depend on the original fields <fij, we are dealing 
with a point transformation. According to Eq. (|106p . the components g" of the 
generating function (|96j) follow as 

dfa 



For each index a, we can now set up Noether's theorem from Eq. (|101[) 
d f r i^d£\ dC on 



dxP 



dx^ J dx a dx a 



cxpl 



Inserting the actual g^ and replacing the Lagrangian density C by a Hamiltonian 
density H according to Eq. ([4]) yields 



d ( I0 dfa „ j dfa \ dU 



cxpl 



With the terms in parentheses on the left hand side, Noether's theorem obviously 
provides the components of the energy-momentum tensor T£ from Eq. {7J 

dx a 



dx? 



(108) 



cxpl 



If the Hamiltonian density TL does not explicitly depend on x^ 1 , then the system 
is invariant with respect to a shift of the independent variable x M . We then get a 
continuity equation for the related Noether 4-current j^, 



m 

dx^ 



= 



cxpl 



dxP M dx^ dx~f M 



For cW/<9x M | eX pi = 0, the four components of the conserved Noether current are 
thus given by the fi-th column of the energy- momentum tensor 



November 4, 2008 14:0 WSPC/INSTRUCTION FILE kfte 



42 J. Struckmeier, A. Redelbach 

5.5. Canonical transformation inducing an infinitesimal 
space-time step 

We consider the following generating function F% of an infinitesimal canonical trans- 
formation: 



F£(<l>y,x) = 0/tt v +Sx a 



d„ H + 7T p — fflj— 

9a; Q 9a; Q 



9a;/ 3 ^ 9a;/ 3 / V 9a; Q 9a;/ 3 9a;/ 3 9a;« 



(109) 



In order to illustrate this generating function, we imagine for a moment a system 
with only one independent variable, t. As a consequence, only one conjugate field 
it 1 could exist for each </>/. In that system, the last six terms of Eq. () 1 09(1 would 
obviously cancel, hence, the generating function F2 would simplify to 

Fafa/.Tr 7 ',*) = fan 1 ' +H8t. 

We recognize this function from point mechanics as the generator of the infinitesi- 
mal canonical transformation that shifts an arbitrary Hamiltonian system along an 
infinitesimal time step St. 

Alternatively, we can express the generating function (jl09|) in terms of the 
energy-momentum tensor from Eq. (|7|) 



\ dx a 01 dxP 
dn 1 ^ dcj)! _ 9tt^90/ 
9a; Q dxP ~ dx? dx* 



We observe that it is essentially the energy-momentum tensor ([7]) that determines 
the infinitesimal space-time step transformation. 

Applying the general transformation rules (|19p for generating functions of type 
F2 to the generator from Eq. (|109p . then — similar to the preceding example — 
only terms of first order in <5x M need to be taken into account. The derivative of F^ 
with respect to 4>i yields 

' 1 1 da dxP dx« +6a 3x0 



= 7T r 



dx a 

This means for 5n If * = ir Ifl — n If * 



d ^5x*. 



Stt 1 " = ^—5x a . (110) 

9a; Q 
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To first order, the general transformation rule (flT?)) for the field 4>i takes on the 
particular form for the actual generating function ()109|) : 



hence with 5(f>j = — 4>j 



9x Q 



(111) 



The transformation rule 5H = H' — H for the Hamiltonian density finally follows 
from the explicit dependence of the generating function on the x" 



5H = °* a 



cxpl 



= Sx a 
Sx a 

Sx a 

dH 

dx a 



a dx» 



5?( 



dTT Ifl 



dH 



dx a 
dH 



cxpl " V dx" dx? 
dn 1 ^ d(j>i dn 1 ^ 



dxP dx a 



dx a 
Sx a . 



expl 



cxpl 



dx a dx^ 

dH dw 1 ^ 
d-K 1 ^ dx a 



dxf* dx a 
dH d<b! 



dx a 



(112) 



Summarizing, we infer from the transformation rules (|110p . and (| 1 1 2|) that 

the generating function (|109[) defines the particular canonical transformation that 
infinitesimally shifts a given system in space-time in accordance with the canon- 
ical field equations (JSJ). As such a canonical transformation can be repeated an 
arbitrary number of times, we can induce that a transformation along finite steps 
in space-time is also canonical. We thus have the important result the space-time 
evolution of a system that is governed by a Hamiltonian density itself constitutes a 
canonical transformation. As canonical transformations map Hamiltonian systems 
into Hamiltonian systems, it is ensured that each Hamiltonian system remains so 
in the course of its space-time evolution. 



5.6. Lorentz gauge as a canonical point transformation of the 
Maxwell Hamiltonian density 

The Hamiltonian density Hm of the electromagnetic field was derived in Sec. 14.41 
The correlation of the conjugate fields with the 4-vector potential A is deter- 
mined by the first field equation (|63|) as the generalized rotation of A. This means, 
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on the other hand, that the correlation between A and the 7r^„ is not unique. Defin- 
ing a transformed vector potential A' according to 

dx» ' 

with x — x( x ) an arbitrary differentiable function, we find 



\'=\ + ^ (H3) 



_dA^ L _dA tL _dA L d 2 x (x) cM M d 2 x (x) _ dA v dA 
^ dx^ dx v dx^ dx u dx^ dx v dx^dx v dx^ dx 



7^.(114) 



We will now show that the gauge transformation (|113[) can be regarded as a canon- 
ical point transformation, whose generating function F% is given by 

F£(Ay,x) = (a x + ^) n Xv '. (115) 



dx x j 

In the notation of this example, the general transformation rules (|19|) are rewritten 
as 



(116) 

cxpl 



which yield for the particular generating function of Eq. (|115[) the transformation 
prescriptions 

dA^ 

A x» (a i Q x(x) \ K xsu (a i d x(x) \ xv 



. . dx(x) 
=> A,=A, + ^1 

H ' = n + |^U Aq = n. 

ox A ox a 

The canonical transformation rules coincide with the correlations of Eqs. (|113| and 
(|114[) defining the Lorentz gauge. The last equation holds because of the antisym- 
metry of the canonical momentum tensor 7t Aq = — 7r" A . Thus, the value of the 
Hamiltonian density (|62[) is invariant under the Lorentz gauge. 

In oder to determine the conserved "Noether current" that is associated with 
the canonical point transformation generated by F2 from Eq. (| 1 1 5|) . we need the 
generator of the corresponding infinitesimal canonical point transformation, 



F»(Ay,x)=A x ir x » +eg»(n,x), g » =ir *>^±. (117) 
From the pertaining transformation rules 

we directly find that C is also maintained, which means that df/dx? = 0, hence 
f 13 — according to Eq. (|100j) . In a source- free region, we have j(x) = 0, hence 
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cWm/c^Icxpi = for all u. The Noether theorem for point transformations from 
Eq. (|107[) then directly yields the conserved 4-current j'n 

M-o r fa X ) - ^» dx{x) - ( dA " dAX \ 9x{x) 

We verify that j'n is indeed the conserved Noether current by calculating its diver- 
gence 



dx a 77 dx x dx a dx a dx x 



- AQ 7r^ + ^-r7A. (H8) 



For the Hamiltonian density TCm of the electromagnetic field from Eq. (jl?2")) , the 
tensor of canonical momenta is antisymmetric. The first term on the right 
hand side of Eq. (|118[) thus vanishes from symmetry considerations. In source-free 
regions, the canonical field equation from Eq. (|59[) is 

dir Xa _ () 
dx a ~ 

Therefore, the second term on the right hand side of Eq. (|118p also vanishes. 

5.7. Extended gauge transformation of the coupled 

Klein-Gordon-Maxwell field, local gauge invariance 

The Hamiltonian density Wkgm of a complex Klein- Gordon field that couples min- 
imally to an electromagnetic 4-vector potential A was introduced in Sec. 14.61 by 
Eq. (j69|) . We now define for this Hamiltonian density an "extended gauge transfor- 
mation" by means of the generating function 

dxix)" 
dx v 

Because of the explicit dependence of x on x, this generator (|119p defines a local 
gauge transformation. The general transformation rules (p~9|) . (|116[) read for the 
present generating function: 

nV =ir v a,, = a, + -^, 

7r^' = TT^e iqxi - x \ (/)' = (t>e~ iqx(x \ 



F% = ct,^' e- iqx(x) + (j)*^" e iqxix ^ + \A V + ) IT"*'. (119) 



W = H + iq (V Tf"* 



dxix) 



dx a 

In the transformation rule for the Hamiltonian density, the term Ii va d 2 x/ dx 11 dx a 
vanishes because as H va is antisymmetric. The gauge-transformed Hamiltonian den- 
sity Hkgm i s now obtained by inserting the transformation rules into the Hamilto- 
nian density H.kgm of Eq. (169]) , 

n' KGM = n;,^' + iqA»' (tt*,^ - vtf') - n W - ^"'n^. 
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We observe that the Hamiltonian density (|69p is form invariant under the canonical 
transformation generated by F2 from Eq. (| 1 19|) . 

In order to derive the conserved Noether current that is associated with this 
symmetry transformation, we first set up the generating function of the infinitesimal 
canonical transformation corresponding to (| 1 19[) 

Ff = 07T"' + 4>*^' ' + A V W' + e K + & + <#) > 
with the characteristic functions g± 2 3 given by: 



dx u 



The subsequent transformation rules are 



^' = 7r"(l + eiqx(x)), <j>' = 0(1 - «gx(»), 
7r^(l-eigx(a;)), tf' = (f>*(l + eiq X (x)), 



7T 



H' = H + iq 

£' = C. 



a \ dx{x) 
dx a 



For a conserved Lagrangian density, we have f" = 0. The Noether theorem from 
Eq. (I107j) now directly yields the conserved Noether current j'n, 

Jn = 9i + .92 + .93 

hence for the present case 

T »u d x(x) 



% = tq X (x) (f^* - ^) + IT 



By direct calculation, we again verify that dj^/dx a = 0. 



5.8. Spontaneous breaking of gauge symmetry, Higgs mechanism 

In order to present the Higgs mechanism in the context of the canonical transfor- 
mation approach, we consider the Hamiltonian density 

Hk = ttX + kA" - n„<j>) - n 2 <p*0 + ±A 2 (</>*0) 2 - ±11^11^. (120) 

This Hamiltonian density differs from the density (f6"9"| of Sec. 14.61 by an addi- 
tional fourth order potential term. As all terms of the form <j)*<f> are invariant with 
respect to local gauge transformations generated by Eq. (|119[) . the Hamiltonian 
density (| 120[) is also form invariant. The potential U{4>) of the Hamiltonian den- 
sity cop 

u(4>) = -n 2 cf>*(f> + ±\ 2 ((t>*<j>) 2 
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has a minimum 

Thus, (piaia lies on a circle in the complex plane 

^mi„ = -re iu , < lu < 2vr. 

We now want to express the Hamiltonian density from Eq. (|120[) in terms of the 
shifted potential <f)' 

M rh A d<j) ' ^ 

9 = 9 - 0min, ^— = ^— ■ 

ox^ ox^ 

Because of 4> m i n — const., the derivatives of with respect to the x^ 1 must be 
unchanged under this transformation. Being defined by the generating function 

F% = - ijqA»e-*"\ U - -e*") , (121) 

this transformation is actually canonical. As the transformation only affects the 
fields <p and 7r M , the other fields, and n A " / that are contained in the Hamiltonian 
density ()120|) must be treated as constant parameters. The transformation rules 
following from Eq. (|12ip are 

tt"' = tt" + ijqA^e-™, n;, = tt* - i-gA^e*" 

9=9- — e , (f> =<p - —e 

As the generating function (|12ip does not explicitly depend on the ir^ , we conclude 
that 1~C' H = Hh- The transformed Hamiltonian density H' H is thus obtained by 
expressing the unprimed fields in terms of the primed ones, 



2 Q2 



A 2 

■figA" (vr^'* - V </) - jq 2 A»A^ (>* + - (122) 

We verify that the transformation does not change the derivatives of <f>, as requested, 

<-> . / „ n 



4 



i^^e w - M M U' + -e^ ) = - iqA/j,^' 



We express the complex fields 0' = $i +*02 an d tt^ 1 = Tt\ m the Hamiltonian 

density (|122|) in terms of reaZ field components. We thus encounter the equivalent 
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representation of Ti.'^ , 

W H = Ti./t'Tif' + nw*2 + I [20 (<^i coscj + </>' 2 sinw) + A + 0' 2 2 )] 2 

-in^n^ - ^g 2 ^M M (123) 

2ii n 4 

+2qA f * (7r 2lM '^i + m,^) - -7-f#A^ (0; cosw + 2 sinw) - — . 

We now observe that the massless gauge field that is contained in the original 
Hamiltonian density from Eq. (|120p now appears as massive field through the term 
(qil/X) A^A^ = (cf>i + (fy) m i n q 2 A^ A^ in the transformed Hamiltonian density from 
Eq. (I123j) — independently from the gauge of 4> and the angle ui. This term thus 
originates in the shift of the reference system of (f>. The amount of the emerging 
mass depends on the depth of the potential's minimum, hence from the underlying 
potential model. 

Because of the gauge freedom of the original Hamiltonian density (|120p , we 
may gauge it to yield (f>2 = 0, dfo/dx^ = 0. Under this gauge, we have iT2,n' = 
—qApfii, which eliminates the unphysical coupling terms A^dfy'y 2 I^ X ^ that are 
contained in the Hamiltonian density (|123p . The transformed Hamiltonian density 
from Eq. (|123p then simplifies to, setting uj = 



-■2,rA''A„n^-^A^A^-^. (124) 



The physical system that is described by the Hamiltonian density (|124|) emerged by 
means of a canonical transformation from the original density (|120|) . Therefore, both 
systems are canonically equivalent. In the transformed system, we only consider the 
real part <f>i of the complex field <f>. The corresponding degree of freedom now finds 
itself in the mass of the massive vector field A^. This transformation of two massive 
scalar fields 4>i t 2 that interact with a massless vector field A^ into a single massive 
scalar field <p[ plus one now massive vector field A^ is commonly referred to as 
Higgs mechanism. 

5.9. SU(2) gauge transformation as a canonical transformation 

Provided that the parameters for a local SU(2) transformation are given by 9{x) = 
02, 03), the infinitesimal generating function that defines the transformation of 
the scalar fields has the form 

with the Pauli matrices from Eqs. (|82p . The general transformation rules from 
Eqs. (|19| then yield the following particular equations for the transformation of 
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scalar fields and conjugate momenta 



i 



•V = I 1 - ~T( 



= 5f (. 



For an infinitesimal SU(2) transformation of vector fields, we find up a generating 
function of the form 

if = + e abc 9 b A cv - - g dJ a ^j nf. 

Consequently, the generating function for an infinitesimal SU(2) gauge transforma- 
tion is 

F£ =(l- l -f8^j tt^' <t>! + [At + e ahc 9 b A cv - ^9 a ^j uf. 

This generator induces the following transformation rules for the gauge fields and 
the tensors of conjugate momentum fields 

=► A a v , =A a v + e abc 9 b A w - g- x d v 9 a 

TT/jiy _ ul 2 _ jrfj,v' _ nbyrcfii' 

~ dA a ~ 

Both, the gauge fields as well as the momentum field tensors are thus mapped 
like a triplet under a SU(2) transformation. In the Abelian case of the electromag- 
netic field, all terms with e contributions vanish. The non- Abelian gauge fields thus 
carry a charge under SU(2) so that self-interactions take place. The corresponding 
self-coupling terms of the gauge fields can thus be deduced from the Lagrangian 
density (f8Tjl . considering the structure of f^ v in (|82|) . or, alternatively, from the 
Hamiltonian density (|86[) considering Eq. 



= = {K + e abc 6 b A cv - g- x d v 6 a ) 6* 



6. Conclusions 

With the present paper, we have worked out a consistent local coordinate descrip- 
tion of the foundations of covariant Hamiltonian field theory. The essential feature of 
this field theory is to define for each scalar field <j)r a 4- vector w 1 of conjugate fields. 
Similar to classical Hamiltonian point dynamics, these fields, 4>i and the four 7r /A1 , 
are treated as independent variables. All mappings (0/ , 7r 7 ) i— > {ipj^ir 1 ) of these 
fields that preserve the Hamiltonian structure of the given dynamical system are 
referred to as canonical transformations. The local coordinate description enables 
us to explicitly formulate the field transformation rules for canonical transforma- 
tions as derivatives of generating functions. In contrast to the scalar generating 
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functions of Hamiltonian point dynamics, the generating functions in the realm of 
Hamiltonian field theory are now 4-vectors. Similarly, Poisson brackets, Lagrange 
brackets, as well as the canonical 2-forms now equally emerge as components of vec- 
tor quantities. This emerging of 4- vector quantities in place of the scalar quantities 
in Hamiltonian point dynamics reflects the transition to four independent variables 
in Lorentz-invariant field theories. 

In the usual Lagrangian description that is based on a covariant Lagrangian 
density C, mappings of the fields <pi an d their four partial derivatives 3^4*1 are 
formulated in terms of point transformations — which constitute a subgroup of the 
superordinated group of canonical transformations. Thus, all point transformations 
in the Lagrangian formalism can be reformulated as canonical point transforma- 
tions in the Hamiltonian description. This was demonstrated in our example sec- 
tion, where several well-known symmetry transformations of Lagrangian densities C 
were reformulated as canonical point transformations of corresponding Hamiltonian 
densities H. 

Yet, the converse is not true. There exist canonical transformations of the fields 
that cannot be expressed as point transformations in the Lagrangian formalism. We 
provided two examples of canonical transformations like that, namely the general 
infinitesimal canonical transformation yielding the generalized Noether theorem, 
and the canonical transformation inducing an infinitesimal space-time step that 
conforms to the canonical field equations. Compared to the Lagrangian descrip- 
tion, the canonical transformation formalism of covariant Hamiltonian field theory 
thus allows to define more general classes of gauge transformations in rclativistic 
quantum field theories. 



Appendix A. Proof of the symmetry relation from Eq. ([28]) 

From the transformation rules for the generating functions ^1,2.3,4, the symmetry 
relations (JTTJ) , (p0|). (f23|) . and ([H were derived, viz, 



d<j>j> P dn*? ' dir Jv ' P d-K^ v 

= = O 

dfa, dfa ' 8-k Jv ' dfa v 

The third symmetry relation represents the particular case /1 = a — (3 of the general 
relation 



To prove this, we first consider the following identities that hold for the derivatives 
of the fields that emerge from a general, not necessarily canonical transformation 
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4>i = cj> / ((£'(</>, 7r),7r' '(0,tt)) and 7r J " = n 1 * (ft (<(>,%) ,%'(((>,%))■. 







90J 

90/ 



f>K' d(j)j d-K Ka ' d(pj 
cj)i d<b K ' , 90/ 



dir Ka ' 



b K > d-K Jy dir Ka ' dir Jv 







•>K' U9J 



dir Ka ' 



j _ dir 1 ^ _ d-K 1 * d(j) K > dn 1 ^ d-n Ka ' 
J v ~ dn J » ~ d<j> K > dn J » + dir Ka ' dir J » ' 

We express these identities in matrix form as 
'5j 



/ dipi d<pi 

1 d<p K , d7T K "' 



o s\6tt 




Both sides of this equation are now multiplied from the right by the matrix 





d<j> M , 


dit ju 


dTt J " 




d<t> M i 


d<pj 


d<Pj 



We thus get 



dn 1 " 



AM 

V dip! u v ' 



d<t> K i dn K <*' 
97T 1 " dir 1 " 



/ d<P K , dTT Mf >' d<t> K , d7v Mf3 ' 
d<f>j d7r ,JlJ F)tt Ju f)<i) j 



\ d<j).j d-K Ju drr Ju dcpj dft Ju d<f>j 



84>j dir JlJ 




\d<f> K , dir K ° 



K'^ M0 '] U [<t>M>,<t>K'] v 



If the transformation is canonical, then we can insert the identities for the funda- 
mental Poisson brackets from Eqs. and 



d<Pi 



d<t> 




s M si 3 







\d<j> K , dir K 



M v u i 
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The matrix products on the right hand side is 

/ dn M '-' d<t> M , \ ( 94>i X0 | d<t>i r Ka' _M/3'] d4>, 

l 9 <^m' / 1 9zdl J/3 + j2?l21 U-KV j,-^'] ^ 



By comparing the individual matrix components, we obtain the following four re- 

1 Q + IATIO' 

^ J r Ka' M/3'] (A la) 

■ M , w dTT Ka ' ^ ' J " 1 j 



d<j>M' _ 

d-K Iv ~ d-K Mv ' 



t>M> 

Hi 



(A.lb) 

Comparing now Eq. (|A.la[) with the symmetry relation from Eq. (|23p . we conclude 

Consequently, the inner product of this expression with dipji /d(f>i must also vanish, 

d(j}. r 34>i r Ka , Mp >, 

-dfrd^t* J, = °- 

Because of d(pj> /dir Ka — 0, this equation is equivalent to 

As this equation must hold for arbitrary coefficients d<f) j/ /dir 1 *- 1 , it must hold sep- 
arately for each index [i, 

=o. 

In conjunction with Eq. (|A.lc[) . this proves the assertion. 



Appendix B. Geometric representation of the field equations 

Let / = f(<fii, dfj,4>) denote a function depending on the fields 4>i and on the 1-form 
d^(j) that is constituted by their first derivatives. Of course, the dynamics of the 
fields <j>i is supposed to follow from the Euler-Lagrange field equations @. The 
change of / due to a change of the <pi and the d^i is then 

^L = A c f a£ _ dcj) I d d 2 <j}! d 
dx^ M dx» 8(f)! dx»dx a d(d a c£/) ' 
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We refer to A^ as the Lagrangian vector field. Acting on the function /, this is 
identical to the Lie derivative of / with respect to the vector field A^ 

Herein L A c , fi = 0, . . . , 3 denotes the four Lie operators that act of the function /. 
We now define the Liouville 1-forms 6" 1 in local coordinates by 

8C 



0M = 



■ d(f>i 



The Lie derivative of this 1-form along the vector field A^ , followed by a summation 
over \x yields another 1-form, 



Lac r = Af idS* 



8 2 C 



d{d^ I )d{d v <i>j) 

8C d<f>i 



d(d v <j)j) A dcjjj 



8 2 C 



d{d l _ l <t>i)d(j)j 



8(8^) 8x» 
8 2 C 



d 2 



8 2 C 



8(8^)8(8^) dx^dx" 8(8^)8^ 8x» 



8C 



8(8^) 
8 ( 8C 



d{d ll (j)i 



8x» \B{a^x) 



8C 



8(8^1 



Inserting the Euler-Lagrange field equation we finally get 

= dC. 



6^ = 



The 1-form equation 

L A c 0" = dC (B.l) 

is thus the geometric representation of the Euler-Lagrange field equation ^j. The 
Lie derivative of the 1-Form 0^ along the /i component A^ of the Lagrangian 
vector field, summed over all /i = 0, . . . , 3, equals the exterior derivative dC of the 
Lagrangian density C. All three constituents of this equation, namely, the operators 
L A c of the Lie derivative along the Lagrangian vector field A^, the 1-forms and 
the exterior derivative of the Lagrangian density C show up as geometric quantities, 
hence without any reference to a local coordinate system. 

In order to formulate the corresponding geometric representation of the covari- 
ant canonical field equations ([5]) , we define the Hamiltonian vector field A^ as the 
Legendre transformed vector field A^ , 

H _ 8(f)! 8 8ir Ia 8 



A 



dx» 8(j)i 8x» 8n Ia ' 



(B.2) 
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In terms of the conjugate fields tt 1 ", we rewrite the 1-form 8" as 

9* = -K Ifl d4>i. (B.3) 

The 2-form oj" can now be defined as the negative exterior derivative of the 1-form 
6» 

w» = -d0» = -d^dfa), 

hence as the wedge product 

uj" = -dn 1 " A d(j)i = #/ A d-K 1 ^. 

We calculate the inner product A^jcj' 1 , i.e., the 1-form that emerges from con- 
tracting the 2-forms w M with the vector fields A™, 

AJ'jw" = A^ j (<% A dir 1 ") 

= (A* j c%) dor 1 " - (A* j d-K 1 ") d(f>i 



dx" dx a 
Inserting the canonical field equations (J5]) yields 

The 1-form equation 

A%ju' t = dH (B.4) 

thus embodies the geometric representation of the covariant canonical field equa- 
tions ([5]) . The contraction of the Hamiltonian vector fields A^ with the 2-forms w" 
is equal to the exterior derivative dTL of the Hamiltonian density TL. 

We can now furthermore calculate the sum of the Lie derivatives Lah of the 
1-forms 6* M along the pertaining Hamiltonian vector fields Aj^ , 

L A n8" = d (A^ j 0") + A^ j dO" 

= d (^^L_ n ) =dC . 
V dxf J 

We immediately conclude that the sum of the Lie derivatives of the 2-forms uj" 
must vanish 

L A nUj" = -L A n(d6 tl ) 

= -dL A n9>* = -ddC 
= 0. 

The sum of the 2-forms uj" along the fluxes that are generated by the A^ is thus 
invariant. 

Vice versa, if L a -huj" = holds, then we have, because of dio" = 

L A Ku"=d(A"jw' 1 ). 
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The 2-form L^-hlo^ = is thus closed and also exact, according to Poincare's 
Lemma. Therefore, we can always find a function H with dH = joj^. 

References 

1. W. Greiner, B. Miiller, and J. Rafelski, Quantum Electrodynamics of Strong Fields, 
(Springer-Verlag, Berlin, 1985). 

2. S. Weinberg, The Quantum Theory of Fields, Vol. I, (Cambridge University Press, 
Cambridge, 1996). 

3. L. H. Ryder, Quantum Field Theory, (Cambridge University Press, Cambridge, 2006). 

4. D. Griffiths, Introduction to Elementary Particles, (J. Wiley & Sons, New York, 1987). 

5. J. V. Jose, E. J. Saletan, Classical Dynamics, (Cambridge University Press, Cam- 
bridge, 1998). 

6. Th. De Donder, Theorie Invariantive Du Calcul des Variations, (Gaulthier-Villars & 
Cie., Paris, 1930). 

7. H. Weyl, Geodesic Fields in the Calculus of Variation for Multiple Integrals, in Annals 
of Mathematics 36 607 (1935). 

8. I. V. Kanatchikov, Canonical Structure of Classical Field Theory in the Polymomen- 
tum Phase Space, in Reports on Mathematical Physics 41 49 (1998). 

9. M. J. Gotay, J. Isenberg, J. E. Marsden, and R. Montgomery, Momentum Maps 
and Classical Fields, Part I, Covariant Field Theory, arXiv:physics/9801019 v2, 
19 Aug 2004. 

10. H. A. Kastrup, Canonical Theories of Lagrangian Dynamical Systems in Physics, in 
Physics Reports 101 1 (1983). 

11. P. C. Paufler, Multisymplektische Feldtheorie, Thesis, University of Freiburg im Breis- 
gau, Germany (2001). 

12. M. Forger, C. Paufler, and H. Romer, The Poisson Bracket for Poisson Forms in 
Multisymplectic Field Theory, in Reviews in Mathematical Physics 15 705 (2003). 

13. A. Echeverria-Enrfquez, M. C. Munoz-Lecanda, and N. Roman-Roy, Geometry of 
Lagrangian First-oder Classical Field Theories, in Fortschr. Phys. 44 235 (1996). 

14. G. Sardanashvily, Generalized Hamiltonian Formalism for Field Theory, (World Sci- 
entific Publishing Co., Singapore, 1995). 

15. V. V. Kisil, p-mechanics as a physical theory: an introduction, in J. Phys. A: 
Math. Gen. 37 183 (2004). 

16. D. J. Saunders, The Geometry of Jet Bundles, (Cambridge University Press, Cam- 
brigde, 1989). 

17. Ch. Giinther, The Polysymplectic Hamiltonian Formalism in Field Theory and Cal- 
culus of Variations I: The Local Case, in J. Differential Geometry 25 23 (1987). 

18. W. Greiner, Classical Mechanics, (Springer Verlag, New York, 2003). 

19. H. Goldstein, C. Poole, and J. Safko, Classical Mechanics, 3rd ed. (Pearson, Addison- 
Wesley, Upper Saddle River, NJ, 2002). 

20. D. Musicki, On canonical formalism in field theory with derivatives of higher order — 
canonical transformations, in J. Phys. A: Math. Gen. 11 39 (1978). 

21. S. Gasiorowicz, Elementary particle physics, (Wiley, New York, 1966). 

22. J. von Rieth, The Hamilton- Jacobi theory of De Donder and Weyl applied to some 
relativistic field theories, in J. Math. Phys. 25 1102 (1984). 

23. Ta-Pei Cheng and Ling-Fong Li, Gauge theory of elementary particle physics, (Oxford 
University Press, Oxford, 2000). 



